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Introduction

This work refers to the geometric function theory. It contains two slightly con-
nected parts. Roughly speaking, the main role in the first one is played by the
Bergman invariants, and in the second one by the Kobayashi distance.

Examples of kernels have been known for a long time. But the characteristic
properties of these kernels as we now understand them have only been stressed and
applied since the begining of the XXth century. There have been and continue to
be two trends in the considerations of these kernels. One of them, which we are
interested in, is to find the corresponding kernel K for a class of functions. It was
initiated during the first decade of the twentieth century in the work of Zaremba on
boundary value problems for harmonic and biharmonic functions. Zaremba was
the first to introduce, in a particular case, the kernel corresponding to a
class of functions, and to state its reproducing property (cf. [Aro] or [Sza).
However, he did not develop any general theory, nor did he give any particular name
to the kernels he introduced. It appears that nothing was done in this direction
until the third decade of XXth century (cf. [Sza]). Then a Polish-born American
mathematician Stefan Bergman inspired by Schmidt’s lectures in [Berl] began the
study of the space of square integrable holomorphic functions on a domain D in
C". He noticed that it has two useful features: completeness (in L?*(D)) and, what
is more interesting, has the reproducing property. 20 years later Aronszajn proved
that this is a characteristic property of every functional Hilbert space, i.e. we are
able to recover each element of the space with the kernel functions’ help (cf. [Aro]).
In this way the interests of specialists in functional analysis and complex analysis
have met.

The Bergman kernel is a canonical kernel that can be defined on any bounded
domain. It has wonderful invariance properties, leading to the Bergman metric and
the Bergman distance. The metric was the first-ever Kéhler metric, and that in turn
originated a new branch in complex differential geometry. Moreover, the Bergman
kernel has certain extremal properties that make it a powerful tool in the theory of
partial differential equations (cf. [Ber3]). Also the form of the singularity of the
Bergman kernel (calculable for some interesting classes of domains) explains many
phenomena of the function theory of several complex variables.

As it usually happens in such general constructions, the kernel is hard to calculate
explicitly. One approach to calculate the kernel function is as follows. Find any or-
thonormal basis and then try to sum a series. In general, it is a long and not easy way.
However, there are well known situations where this method is efficient, i.e. when
we are able to find an explicit formula for the sum of the series. Of course, the unit
ball, polydisc in C™ or the Cartan domains are classical ones (cf. e.g.[Jar-Pfl2] and
[Hua]). Perhaps, a more complex example is contained in a recent paper [M-R-Z].
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INTRODUCTION 7

Using the techniques from the representation theory, Misra, Roy and Zhang com-
puted the reproducing functions for some classes of weighted Bergman spaces on the
symmetrized polydisc (in this way they rediscovered [Edi-Zwo, Proposition 9]).

The Bergman metric is the kernel’s ’derivative’. Consequently, calculating it is
more complicated and there are even less known examples of domains for which the
metric is known in a clear form. Probably, the only ones are: the Euclidean ball, the
minimal ball, the polydisc and some special ellipsoids (cf. [Jar-Pfi2], [Pfl-You)).
In Section 1.1 we adopt some ideas from [M-R-Z] and add to the list Go, the object
which has many applications ([Try3]).

The symmetrized polydisc appeared in the theory of p-synthesis (cf. [Agl-Youl],
[A-Y-Y]) and turned out to be an important object in the geometric function theory
(cf. [Cosl]). Its two dimensional counterpart G, called the symmetrized bidisc
because of its interesting properties was intensively investigated by many authors,
among others Agler, Costara, Edigarian, Jarnicki, Nikolov, Pflug, Thomas, Young,
Zwonek (some of the papers are listed in references). It seems to play an important
role not only in complex analysis (it is the first known example of non-biholomorphic
to a convex domain but hyperconvex for whose the Lempert Theorem holds) but
also in solving Pick-Nevanlinna Interpolation Problem for n = 2 (cf. [Agl-You2)).
Because of this, the symmetrized polydisc, will be mentioned very often throughout
this work.

Misra, Roy, and Zhang [M-R-Z] recently studied the pullback of the Bergman
space under a proper holomorphic mapping in the context of the symmetrized poly-
disc. In Section 1.2 we show the generalized construction for arbitrary domains. In
particular, we obtain a new proof of Bell’s transformation formula for the Bergman
kernel function under proper holomorphic mappings (Corollary 1.2.4). Comparing
with the original proof, our proof is closer to functional analysis. However, at the
climax we use the same tool, i.e. the Riemann Riemovable Singularity Theorem.
As an application in Section 1.3 we demonstrate that the Bergman kernel function
of the tetrablock has zeros. To our surprise it turned out that the tetrablock is not
a Lu Qi Keng domain. Moreover, it vanishes at very simple points. The tetrablock
was first studied in [A-W-Y]. Afterwards it was studied by many authors (cf. e.g.
[E-K-Z], [Zwo]). In particular, it was shown that the tetrablock is a C-convex do-
main (see [Zwo]). The importance of the tetrablock for geometric function theory
follows from the fact that it is the second example (the first one was the symmetrized
bidisc) which is hyperconvex and not biholomorphically equivalent to a convex do-
main but despite it the Lempert Theorem holds for it (see [E-K-Z]).

In Section 1.4 we show an extended version of [Rud1, Proposition 2.1]. We show
that every holomorphic mapping F' is a proper map onto its image if it admits a
finite group U of automorphisms under which F' is precisely U-invariant. In such
a general setting it could be applied among others to the above mentioned case of
the tetrablock and the symmetrized polydisc. This will help us to avoid the ad hoc
proofs of properness and openness of a wide class of mappings (see remarks following
Proposition 1.4.1).

In Section 1.5 we study the behavior of the Bergman distance on Dini smooth
domains. We complete the work started by Nikolov in [Nik1] and show that the
natural estimates on Dini-smooth domains for the Carathéodory or the Kobayashi
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distances remain true for the Bergman distance. Poposition 1.5.6 is a non-trivial
generalization of [Nik1, Proposition 8]. Non-trivial because the given proof in Sec-
tion 1.5 uses a very deep result by Balogh-Bonk (see [Bal-Bon]) about boundary
behavior of the Kobayashi distance. Moreover, the proof applies the localization of
the Kobayashi metric obtained by Forstneric-Rosay in [For-Ros].

The last problem which we consider in Section 1.5 is also devoted to the compar-
ison of invariant distances. The classical results by Graham and Venturini say that
the Kobayashi distance is comparable with the Carathéodory distance on sctrictly
pseudoconvex domains near the boundary (cf. e.g. [Jar-Pfl2, Chapter 10] and refer-

ences there). We show that for a fixed point z in a finitely connected planar domain
D

bD('Zv ) ~ \/§CD(Z> ) ~ ﬂkD('Z? )
near the boundary 0D (Proposition 1.5.17), i.e. near the boundary all distances
behave like on the unit disc.

Chapter 1 ends with the characterization of G,,. Proposition 1.6.10 is a gener-
alization of some of Costara’s results from [Cos2|. The proofs utilize notion of the
polar derivative.

In the first part of Chapter 2 we study balls with respect to the Kobayashi
distance and metaphorically speaking we try to describe how big or small they are
(see the remark following Theorem 2.1.3). Equivalently, we approximate from inside
and outside the balls by analytic polydiscs. The radiuses we express in terms of the
natural parameters given by the minimal basis. Our the only toolkit is the so-called
minimal-basis which one might define for any domain in C". The first place where
the construction considered is the paper by McNeal [McN]. However, we apply its
modified version given in [Nik-Pfl]. The proof of Theorem 2.1.3 is purely geometric
and uses substantially the geometric properties of a domain.

The first results in a spirit of Theorem 2.1.3 can be found in [Ala, Theorem
1 and Theorem 5.1], where the strongly pseudoconvex case in C" and the weakly
pseudoconvex finite type case in C? are discussed with applications to invariant
forms of Fatou type theorems (for the boundary values). The weakly pseudoconvex
finite type case in C?, as well as the convex finite type case in C", are treated in
[Mah, Propositions 8.8 and 8.9] as byproducts of long considerations. The strongly
pseudoconvex case in C" and the weakly pseudoconvex finite type in C? are particular
cases of the pseudoconvex Levi corank one case which are considered in respectively
[Her| and [B-M-V]. The behavior of the Kobayashi balls in all the mentioned results
is given in terms of the Levi geometry of the boundary which is assumed smooth and
bounded. Comparing with all mentioned results the proof given here is short and
purely geometric. Besides, Section 2.1 contains the local version of Theorem 2.1.3.

In Section 2.2. we discuss a non-classical notion of hyperbolicity which is rare
to meet in the classical literature on the holomorphically invariant distances (by the
classical hyperbolicity we understand the notion given in [Jar-Pfl2, Chapter 2.3,
Chapter 3.3]). We are just discussing Gromov hyperbolicity (we refer the reader to
[Grol] or [Vai] for an elegant general account on the theory). The prototype of
a Gromov hyperbolic space is a simply connected complete Riemannian manifold
with curvature bounded above by a negative constant (cf. [Grol, pg. 76]). In
the model situation the metric is assumed to be at least C2. Moreover, it is often
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assumed that the space on which we are working is geodesic, i.e. we are able to join
every two points by a curve which realizes the distance between them. However,
such a strict approach is not necessary. Actually, we might replace geodesics by
"almost geodesics” and consider intrinsic spaces instead of geodesic spaces. Recall
that a curve a : [0,1] — D is called an e-almost geodesic if its lenght does not
exceed € + d(«(0), a(1)), where (D, d) is a metric space and € > 0. If for every two
points in (X, d) and every choice of a positive e there exists e-almost geodesic than
we say that (X,d) is the intrinsic metric space. However, the result of Bonk and
Schramm [Bon-Sch, Theorem 4.1] stating that every hyperbolic metric space can
be isometrically embedded into a hyperbolic geodesic space implies that in fact we
did not change the class of spaces. And here by [Jar-Pfl2, Proposition 3.3.1] we
meet the Kobayashi distance(!).

In some sense we even measure the Gromov hyperbolicity, and express it by saying
X is 0—hyperbolic’. The number § gives some information about the geometry of
the space. If the curvature K of the model space satisfies

K< —§% <0,

then the space is (C0)—hyperbolic, where C' € (1,10) (cf. [Grol, 1.5(1)]). In other
words, a space (X,d) is d-hyperbolic if every geodesic triangle is d-thin (for the
precise formulation see Section 2.2).

There is no connection between the ordinary hyperbolicity and the Gromov one
(in both cases with respect to the Kobayashi distance). Some 'perfect’ domains in
C", for instance bounded and convex, are hyperbolic with respect to the Kobayashi
distance, but not hyperbolic in the Gromov’s sense (cf. Theorem 2.2.13, Proposition
2.2.11).

The first work concerning Gromov hyperbolicity on domains endowed with the
Kobayashi distance was given by Balogh and Bonk [Bal-Bon| who gave both pos-
itive and negative examples. Among other results, they proved that the Cartesian
product of strictly pseudoconvex domains is not Gromov hyperbolic. As an imme-
diate consequence we obtain that polydisc is not hyperbolic. Moreover, even its
”symmetrized” counterpart is not ([N-T-T]). Buckley in [Buc], following Bonk,
claimed that it is because of the flatness of the boundary rather than the lack of
smoothness that Gromov hyperbolicity fails. Recently, Gaussier and Seshadri have
provided a proof of that conjecture. More precisely, their main result in [Gau-Ses]
states that any bounded convex domain in C™ whose boundary is C*°-smooth and
contains an analytic disc, is not Gromov hyperbolic with respect to the Kobayashi
distance. In [Gau-Ses| the C* smoothness assumption is essential. Our aim is to
prove this result in a shorter way in C2, assuming only Cl'-smoothness. Moreover,
the proofs of the facts we use are more elementary. Besides, we give a partial answer
to the question raised in [Bal-Bon]|, see Theorem 2.2.13. Namely, we show under
certain assumption that a bounded convex domain in C? which satisfies an ’infinite’
type condition is not Gromov hyperbolic.

The question whether there is any connection between Gromov hyperbolicity and
pseudoconvexity naturally arises. The known examples do not say anything in this
matter. Also, it is easy to construct domains which are Gromov hyperbolic but
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neither pseudoconvex nor smooth. Proposition 2.2.19 yields, in particular, a family
of non pseudoconvex domains with smooth boundaries which are Gromov hyperbolic.

We finish Chapter 2 with a remark on the Kobayashi metric of Gs.

Finally, in the appendix we have included the most important facts relating to the
objects under consideration which we assume as known to the Reader. At the end,
we present, for the convenience of the Reader, the list of symbols used throughout
the work and the list of works cited.

The accent falls onto authors’ own results taken from the papers [Try1], [Try2],
[Try3] and from the joint papers with N. Nikolov [Nik-Try1], [Nik-Try2]|, and with
N. Nikolov, P. Thomas [N-T-T].
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CHAPTER 1

On the Bergman theory

The original books by Bergman ([Ber2|, [Ber3|) are still a relevant and a good
source on the Bergman theory. Among the new ones, it is worth to mention Jarnicki-
Pflug’s monograph [Jar-Pfl2, Chapter 6]. Perhaps, expositions by Krantz [Kral,
Kra2| give rise to controversy but they are very readable for the beginers and this
is the only reason why their names appear here.

1.1. The Bergman metric on G-

Before we formulate the main theorem of this Section, we introduce a few defini-
tions.
Fix n € N.

Definition 1.1.1. For [ € N let s; be the elementary symmetric function of degree
[. In other words s; is the sum of all products of [ distinct variables z

s1(2) == s1(21, ..., 2n) ::Z Zhy 2k

1<k < <k;<n

Let s : C* — C” be the function of symmetrization given by the formula

S(21, 0y 2n) 1= (81(21, ey Zn)y e Sn(21, ,zn)).

Recall that the map s|p» : D" — s(D") =: G,, is a proper holomorphic map (see
Proposition 1.4.1 and the remarks following it) and its image G,, is called the sym-
metrized polydisc.

Fix a domain G C C™.

Definition 1.1.2. We put

A2(Q) = {fe(’)(G) : / |flPadV < oo} ,
c
and
L2(G) := {f : G — C : f is Lebegue measurable, / |fPadV < oo} :
e

where dV stands for 2n dimensional Lebegue measure, and o : G — (0,00) is a
positive continous function. The space A%(G) with the scalar product

. gha ) = /G F(2)g@alz)dV(2), f.g € AX(G)

is a complex Hilbert space, the Hilbert space of all square integrable holomorphic
functions on G with respect to the weight ce. The functional analysis specialists called
that kind of spaces as A%(G) functional Hilbert spaces. This name comes from the

12



1.1. THE BERGMAN METRIC ON G2 13

fact that the elements of the space are functions, not equivalence classes. Its deepest
consequence is the fact that the convergence in A2(G) understood as a Hilbert space
implies the local uniform convergence on GG. The idea of Theorem 1.1.4 arose out of
this simple observation.

The Bergman kernel with weight o on D is given by the formula

Kg(z,w) Zgoj ), z,weG, (1.1.1)

jeJ

where {¢,} is an orthonormal basis for A2(G), J is at most countable set.(!). For
a = 1 we simply write K& = K¢, and call it the Bergman kernel function. For a
fixed w € G a function K&( ,w) is an element of A2(G).

We make one very important remark on the right side of (1.1.1). The series
sums locally uniformly on G x G to the Bergman kernel K2 (for details cf. [Kra2,
Proposition 1.4.7]). In particular, by the Hartogs Theorem

K& e C?(G x Q). (1.1.2)

From now until the end of the current Section we set « = 1 and G C C" is
assumed to be a bounded domain.

Definition 1.1.3. The Bergman metric is given by the equality
2

Ba(z; X) = Z 5 a@zk log Kg(z,2)X; Xy, 2z, w€G, XeC (1.1.3)

1<j,k<n

We postpone for a while the proof of the fact that [ is a metric (see also
[Jar-Pf12, Chapter 6]). Moreover, 5% € C*(G x C").

This definition of metric is not a good tool for explicit calculations. Therefore,
we use another approach, which is equivalent to the above one. The alternative
description is as follows

Pa(z X) = msup{\f'(z))ﬂ $feO(G), f(2) = 0, [ fllaziey < 13,

zeG, X eC" (1.14)

For the equivalence of Definition 1.1.2 and Definition 1.1.3 cf. [Jar-Pfl2, Theorem
6.2.5].

The boundedness of G implies that a function identically equal to 1 and the
coordinates functions are elements of A%(D). Consequently, the right side of (1.1.4)
actually defines a positive number.

Put

Me(z; X) = sup{|f'(2)X| : feO(G), f(2) = 0, fllaze) £ 1}, 2 €G, X € C™.
(1.1.5)

(MSince L2(G) is a separable Hilbert space, then so is its subspace A2(G). Thus there is at
most countable, complete orthonormal basis {¢;} for A2(G).
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One of the most important properties of the Bergman metric is that it is invariant
under biholomorphic mappings, i.e.

Bp(z; X) = Ba(F(2); F'(2)X), (1.1.6)

where F': D — G biholomorphic map, z € D C C", X € C". For a coresponding
property for the Bergman kernel function see the next Section. In fact, the property
(1.1.6) is an instantenous consequence of (1.1.4) and Corollary 1.2.4.

Now we are ready to state our first result

Theorem 1.1.4. ([Try3]) For s2€[0,1), X = (X1, X3) € C* we have the following
equality

o, ((0,52): (X1, X)) = VBIIXG P + Bal %P

422 +102+2 By = 3922 418z+7

_ 2
'U)hlere Bl = (1_x)2(3x+1)7 (1_I)2(3I+1)2; xr = 82.

Before we proceed to the proof of Theorem 1.1.4 we need to make several obser-
vations.
For a non empty set A (with no ordering), we put

PP(A) = {(20)aca : T4 €C, Z |z4|* < 00}
acA
One can naturally embed [?(B) in I2(A) if B C A. Observe that [?(A) is the Hilbert
space of all square summable sequences in C* with the standard scalar product

(x,y) == Z oo

aeA

(the reasoning is the same as in I* = {(z;);2, : >_|z;]* < oo} case). Clearly, the

canonical embeding [*(B) C [?(A) is an isometry.

In the proof of Theorem 1.1.4 Schur polynomials, which up to some constants
form an orthonormal basis for A?(G,,), appear (see [M-R~Z]). Schur polynomials are
defined in terms of partitions. We call a finite sequence p = (p1, ..., p,) of decreasing
(not necessarily strictly) non-negative integers a partition (n is called the length of p).
By [n] denote the set of all the partitions of length n. Let 6 := (n—1,...,0), [[n]] :=
[n] + 6.

We shall need constants

2 pl(p2 + 1)
G = 2 ’

and Schur polynomials are

ap(2)
S,(2) = 272 zeD?
p( ) ag (Z)
where a,(z) = 21" 252 — 20728, pel[2]] (it is a very special case of a more general
situation - cf. [Ful-Har]). Elementary calculation shows that S, is actually a poly-
nomial. Additionally, define S, = 0, if p € Z?\ [[2]]. From [M-R-Z] we know that
the set

)

{ep = cpSp i pe[[2]]}
is the complete orthonormal system for A%(Gy).
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There are some relations between Schur polynomials and elementary symmetric
functions, called the Jacobi- Trudy identities (cf. [Ful-Har]). To understand them,
we introduce the notion of a conjugate partition. If A = (\y,...,\,)€[n], then a
conjugate partition to X is a partition p = (pq,. .., 1y,) (denoted by \’) such that
pi = #{j : A; > k}. Observe that the length of ;1 depends on ;.

The Jacobi-Trudy identities are described as following

I, O
SP+(1,0) = det ( 0p2 A > ) (117)
where A is (p; — p2) square matrix,
s1 s 0 ... O
1 S1 S ... 0
A =
0 0 S92
0 0 1 S1

(cf. [Ful-Har, Appendix A] for the general version of the identities).
A straightforward conesquence of (1.1.6) is contained in the Lemma 1.1.5.

Lemma 1.1.5.

15 kE—1\ ,_
S(k+m,m)+6<81732) = Sgnzl:zo(_1>l< I )Slf 215127 fOI' ka m = 07

where the symbol |-| denotes the greatest integer function.

PrROOF OF THEOREM 1.1.4. Step I. Recall that the group of automorphisms
of the the symmetrized bidisc consists of the mappings of the form
H(z + 22, z2122) = (s1(h(21), h(22)), s2(h(z1), h(22))), 21,22€D, (1.1.8)

where heAut(D) (cf. [Jar-Pfl1]). Therefore, by (1.1.6) it is enough to compute
B, at points (0,s2), s2 € [0,1) (with a little abuse of notation till the end of the
Section 1.1 sy denotes a number in [0, 1); we hope it will not cause any problem for
the Reader). Actually, for our purposes it is enough to observe that maps of the
form (1.1.8) are automorphisms of Go.

Step II. Remind that

1

T VK ((0.5),0,5))
sup{[ (0, 52) (X)] : [ ¢ A2(Ga), £(0,52) = 0, [[fllazcen) < 1}

for s, € [0,1), X € C% Let:

g — {<(_1>n\/(k+2n+1)(k+1) b

T2

B ((0,52); X )

) (k+2n+1,k) }k n>0’
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and

(k+2n+1)(k+1) th—15

=3 ((=1)n 5 X
c {(( )" (n+ k) \/ 2 52 2) (k+2n+1,k)}k,n>0
n (k+2n+2)(k+1)
U {(( 1)"(n+1) \/ 2 %2 Xl) (k+2n+2,k)}k, n>0
¢ induces a bounded operator
A:P([2]) = C,
A(z) = (z,¢).

Fix =37, 1) @Sy from A*(Gz). Let a = {a,}pe(z) - Observe that
1(0,89) X = Ala).
Consequently, the supremum which appears in the formula of g, is equal to
\/KG2<<07 52)7 (07 52) B(Gz((ov 52); X) = ||A|{zo}1- ||

(the operator norm of A restricted to {x}+). Before we write the explicit formula
for that supremum, we state some consequence of the Riesz Representation Theorem
and the Pythagorean Theorem.

Lemma 1.1.6. Let A : H — C be a bounded linear functional on a Hilbert space H.
Assume H = @13’9 H;, n € Zsy. That is, H is a direct sum of pairwise orthogonal

subspace H; of H. Then,
AP = > AL, )17

1<j<n

Moreover, the statement remains true when H = @;’;’1 H;.

So,
2 2 2 }(c, o) ’2

HAl{ro}lH = ”AH - ||A|Span{:v0}H = <C, C> - m

Put o = s2. To finish the proof, it is enough to find the remaining scalar products:
3z +1

m2(1 —x)*
, 272 + 46+ 7 9
| T T | X
(92 + 7)%x

<l’0, Z‘0> - KG2((07 82)7 (07 82)) =

(. ¢) 4x2+10$+2|
C,C) = —F5——
’ (1 —z) 7

9

[{e, zol?) = Rl

O

The methods presented above also work on any domain in C™ but possibly not
in so efficient way as for the symmetrized bidisc. Finding the concise formula causes
difficulties, even for the higher dimensional counterparts of Gs.
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1.2. Projection and Bell’s formulas

In the introduction we mentioned that the Bergman kernel function has the
reproducing property. Until now the reproducing character of the Bergman kernel
has not been displayed yet. Formula (1.1.1) apparently hides it. In the present
Section we will make use of it.

Let us start with a formula for the Bergman kernel, equivalent to (1.1.1).

Let G C C™ be a domain and let a : G — R+ be a strictly positive continuous
function.
Cauchy integral formula implies that for every z € G the evaluation functional

ev, : A2(G) > f — f(z) e C

is continuous. Thus from the Riesz Representation Theorem there is the unique
function K¢ , € A%(G) (called the kernel function) such that

evz(f) = <f7 Kg,z>Ag¢(G)'

Then the Bergman kernel function with weight o might be written as follows
Kg’(z7w) = <Kg,w7Kg7z>A(21(G)> Z,w e G. (121>

Let 7 : D — G be a proper holomorphic map with multiplicity m (D, G are
domains in C").

Motivated by [Lig] and [M-R-~Z], we investigate the relations between weighted
Bergman Spaces: A?(G) and A2, (D).

We proceed to formulate the most important component of the next theorem.
Observe that 7 induces an operator I', where

[:A2(G) — A2

QOoT

(D),
is defined as follows

1
I'f= \/—m(fOW)JWa f e AL(G).
[’s adjoint operator is of great importance to us, so we explain how it works. In
fact, I'* equals its inverse I'"! (if T is understood as an operator from A?(G) onto
TFAZ(G)). To describe T take any g € TA2(G). Then -L is a well-defined function
on a dense, open subset of D (the set of regular points of 7). Moreover, notice
that = is invariant under 7, that is -(z) = = (w) for any z, w € D such that
m(z) = m(w), Jr(w), Jw(z) # 0. Therefore, equality (4-)(7(z)) = +=(z) defines
well a holomorphic function on G except for the (analytic) set of critical values of
7. However, the Riemann Removable Singularity Theorem for square integrable
holomorphic functions (cf. [Jar-Pfl2, Theorem 4.2.9]) ensures that (<) has a holo-
morphic extension on D (denoted by the same symbol). After this consideration the
adjoint operator to I' might be described by the equality

—_—

g = \/ﬁ(%), g € TAZ(G).

Theorem 1.2.1. ([Tryl]) The set TA%2(G) is a closed subspace of A% (D) that

Qo7

is isometrically isomorphic with A%2(G) via T'. The orthogonal projection P onto
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TA%(G) is given by a formula

1
Pg: —Z(QOWkOW)J(WkOT‘—)7 g e Aiow(D)7

m
k=1

m

where {7/}, are the local inverses to .

Note that it will follow from the proof that the formula on the right side actually
defines a function from T'AZ(G) C AZ (D).

Remark 1.2.2. In [Jar-Pfl2] the Riemann Removable Singularity Theorem is proved
for a = 1, but this proof might be repeated without any trouble in case a €
C(G,R+y). In fact, the local boundedness of « (from below and above) is sufficient.

Remark 1.2.3. Let a = 1. The proof of Theorem 1.2.1 shows that I' is the restric-
tion of the operator ', from L?(G) to L*(D), given by the same formula as T, and
all statements contained in Theorem 1.2.1 hold for I'.. Moreover, this together with
the transformation formula for the Bergman projection operator, given in [Bell],

allows us to write Ppl'. = I'. Py, where P; and Pp denote Bergman projections of
the domains D and G.

PROOF OF THEOREM 1.2.1. The idea of the formula of I" was inspired by the
transformation rule

m/GfadV:/ fom)|Jr|*(aom)dV

(
D
forannyL}l(G):{g:G%(C:/\f|adV<oo},
a

which makes the I' an isometry. The above rule ensures that the range of I' is a
closed Hilbert subspace of A2 (D). Therefore, I is a unitary operator from A2(G)
onto TA2(G).

Thus, there is the orthogonal projection P from A2 _(D) onto 'A% (G). We prove
that P is given by the formula

Pg=—3 (gortom(rtor), ge A, (D).
k=1

Let us denote the right side by (Qg. First of all we need to show that () is well defined.
Using the properness of m and the Schwarz inequality one can easily compute

2

1 m
1991z, 00 = o3 [ |Stgoromrtat o] (@omav <
D7 g=1

1 m
_/ D lgertom) (@ om)P(aom)dV = |lglliz. ()
m Jp

k=1

for g € A2, (D). It remains to verify whether Qg is holomorphic. For that fix some

QOTT

g €A% (D) and put N(Jf):= (Jf)~1(0), i.e. the zeros set of the Jacobian of f.

QoT

Notice that the map % is a well defined holomorphic function on a set D\7 ! (7 (N (J7))),



1.2. PROJECTION AND BELL’S FORMULAS 19

constant on the fibres of 7. So, it induces some map (Qg) which is holomorphic on
G\ 7(N(Jm)). The Riemann Removable Singularity Theorem (see Remark 1.2.2)

finishes the correctness of the definition of @) provided we know that ( Tr) is square
integrable with weight o on G. But for that it is enough to show that Qg € A2 _(D)
what we have just proved. Actually, we have established something more. Namely,
that for any g € A2 (D) the equation Qg = T'f has solution f in A%(G). (The
application of the Riemann Removable Singularity Theorem on the domain D would
give us only that Qg € A2, _(D).)

Secondly, notice that Q? = Q. Indeed,

m

Qg = %Z(Qg ontom)J(ntom)

=1

(gomtomortom)[J(r' on)ont ox)J(n* on)

NE
NE

=1 k=1

NE
NE

(gomtomortom)[J(r' on)ont ox)J(n* on)

I~ 3|~

b
Il

11

m m
1 I k
= (gomtom)J(rtomonton)
m?

k=1 1=1
1 m m
:ﬁzz gortom)J(rtom) = Qg,

k=1 I=1

1

for g € A%2__(D).

Up to this point, we only know that () is the projection. Next, we proceed to show
the equality ran " = ran (). Similarly as above we get Qo' = I', which gives "C”. It
remains to demonstrate the opposite inclusion. So, the question is whether () takes
values in TA2(G). Since Q* = @, it is enough to show that for any g € A2 (D)
the equation Qg = I'f has solution f in A%(G), and it holds as we proved it before.
Finally, since Q* = Q, Qliano = id|rang and @ is bounded, @ is the orthogonal
projection onto I'AZ (D). O

aoﬂ(

As a corollary of Theorem 1.2.1 we get Bell’s Theorem (see [Bell]). Originally Bell
formulated transformation rule for the Bergman kernel function with weight o = 1
for bounded domains. Here we shall prove that the same formula holds in a more
general setting, which seems not to have been noticed in the literature. Moreover,
our proof uses more functional analysis tools than Bell’s proof, i.e. the fact that the
Bergman kernel function is a kind of a reproducing kernel, not connecting the kernel
so much with a space of functions for which it has a reproducing property.

Corollary 1.2.4. ([Bell], [Tryl]) Let D and G be domains in C* and let 7w : D — G
be a proper holomorphic map with multiplicity m. Denote by w',... ,©™ the local
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inverses of w. Then

Tn(w)Kg(n(z),m(w) = Y Kg(n* o n(z), w)Jn*(x(2)),

for any z ¢ 7! (n(N(Jn))),
where N(Jm) = {Jm = 0}.

PrROOF OF COROLLARY 1.2.4. We keep the notation from the previous proof.
Keeping in mind the discussion from the begining of the proof of Theorem 1.2.1, ob-
serve that the reproducing property of the weighted Bergman kernel function implies
that for any f € A2(G) and w € D the following equalities hold

(Tf, PR (- w))az,, o) = (UL KD (L w))az, o) = Tf (w) = Lf(?f(w))JW(w)

LD
= (f, Kg(-, m(w))) az () J;(%u) = (I'f,TKG(-, m(w)))az, (p) J\ﬂ/(%))

Consequently, from the Riesz Representation Theorem (uniqueness), applied to the
space A2 (@), and the unitarity of T' we get

Jr(w)Kg(n(-), m(w)) = Vm (I o P)KE" (-, w)((-)).
The last equality holds on D \ 7 !(w(N(Jx))) for arbitrary w € D. But if we take
w ¢ 7Y (w(N(Jn))), then on the same set we have

Ke(n().m(w) = (I* o P) J:(”Z)Kg”(-,w).

Unwinding the definitions of I'* and P produces the desired statement. 0

Corollary 1.2.5. Let D and G be domains in C" and let m : D — G be a biholo-
morphic map. Then for z, w € D the following equality holds

Jr(2)Kg(n(2), m(w))Jm(w) = Kp(z,w).

In the next Section we will see how Theorem 1.2.1 and Corollary 1.2.4 work on
an actual situation.

1.3. The Lu Qi-Keng problem on the tetrablock
Definition 1.3.1. Let
@ :Rip = C°, (211, 22, 2) := (211, 222, 211200 — 2°),
where R; denotes the classical Cartan domain of the second type (in C?), that is
Rir=1{2 € My(C):z2=7" |Z| < 1},

where ||-|| is the operator norm and Msy2(C) denotes the space of 2 x 2 com-
plex matrices (we identify a point (211, 220, 2) € C? with a 2 x 2 symmetric matrix

z 229
(see Proposition 1.4.1), called the tetrablock.

( Az )) Then ¢ is a proper holomorphic map and ¢(R;;) = E is a domain
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Recall that a domain D is a Lu Qi-Keng domain if its Bergman kernel function
with weight o = 1 does not have zeros and is not a Lu Qi-Keng domain if it has.

As to the history of the Lu Qi Keng problem we refer to [Boal]. There are
many results on both, Lu Qi-Keng and not Lu Qi-Keng domains (cf. e.g. [Boa2],
[Yin-Zha)) .

Recall that ([Hua] pg. 84)

1 -3
KRII (t’ S) - m <det([ - tg)) 9 fOl" t, S G R[[.

Since every point in R;; can be carried by some automorphism of R;; into the origin
(see [Hual p. 84), we get Kg,, # 0. Thus, R is a Lu Qi-Keng domain. Therefore,
we have a proper holomorphic mapping ¢ : R;; — E of multiplicity 2 such that R,
is a Lu Qi-Keng domain whereas E is not a Lu Qi-Keng domain. Recall that another
example of that type is {|z| + |w| < 1} 3 (z,w) — (22, w) € {|z]2 + Jw| < 1} (see
[Boa2]). In our situation there is equality of holomorphically invariant distances in
both domains and both domains are C-convex (cf. [E-K-Z]|, [Zwo]) whereas in the
example from [Boa2] it is not the case.?

Below we present two results which are consequences of Bell’s transformation
formula.

Corollary 1.3.2. For any z = (211, 222, 2), W = (w11, Waz, w) € Ry
Jo(Z) Ku(p(3), 0(@)) To(@) = Kry (211,200, 2), ) = Ky (211, 220, —2), ).

A consequence of the last formula is the following:
Corollary 1.3.3. E is not a Lu Qi-Keng domain.

We set about achieving above Corollaries. We keep the notation from Section
1.2.

PrROOF OF COROLLARY 1.3.2. Below we present how operators: I" and P work-
for a very special case, that is when 7 = p, a = 1, D = R;;, G = E. It is not
necessary to do that to write down a formula for Kg, but it is so simple in that case,
that we think it is worth stating.

The range of the operator I' is contained in the set of those maps whose coefficients at
2% 25,2%™ in the Taylor expansion at the origin vanish for all k, I, n natural numbers.
We showed that every function in TA?(E) is of the form Jr - h for some function h

depending on 211, 222, 22, but not necessarily conversely. The projection
P: A*(R;;) — TA*(E),
acts as follows

P(f)(zn, 222,2) = %(f(zllaz227z) - f(2117222, —2)>7 fe A2<RH)>

(211, 222, 2) € R,

(2)For the definition of C-convexity see Section 2.1.
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and the adjoint

—_—

*g = \/5(1>, g € TAX(E).
Jo
From the proof of Collorary 1.2.4, we might write

\ V2
KE(()O(')790<w117w22,w)) = (F o P) KR]]('7 (w117w227w))7
J90<w117w227w)

for (w11, we,w) ¢ N(Jg),
and finally
K (p(211, 222, 2), (w11, wag, w)) =

KRH <(211, 222, 3)7 (U/117 Waz, w)> - KRH ((211, 222, —Z), (wn, Waz, w))

)

J@(Zn, 2292, Z)J<P(’w117 Wa2, w)

for (2117222,2)7 (w117w22,w) ¢ N(JW' =

PROOF OF COROLLARY 1.3.3. We examine the formula for Bergman kernel func-
tion for E for pair ¢(0,0,1), ¢(0,0, 2) (note that the formula for the Bergman ker-
nel function for R;; extends analytically to R X R;r). Calculation shows that
Ks((0,0,1), (0,0, 2)) = = (3 + 1022 + 32%)(1 — 2%) 7%, 2z € D, and the last expres-
sion vanishes for 2% = —%. Now the equality

Ka(9(0,0,1), (0,0, 20)) = Ke((0,0,7), ¢(0,0, ~0),

which holds for 0 < r < 1 such that 2 € D, finishes the proof. O

1.4. Remark on proper holomorphic maps

Here we make an extension of Proposition 1 from [Tryl]. Its proof is based
on [Rud1, Proposition 2.1]. Tt gives the properness of a wide class of holomorphic
mappings and the openness of their images, among others G,, and E (see remarks at
the end of this Section).

Proposition 1.4.1. (see [Tryl, Propositionl]) Let D be a domain in C" and let
ke NU{0}. Let f: D — C" be a holomorphic map, and let p; : D — (0,+00), j =
1,...,k be continuous functions. Assume there exists a finite group of homeomorphic
transformations U of D such that f s precisely U-invariant, that is for z, w € D
we have that f(z) = f(w) if and only if Uz = w for some U € U. Let F =
{(z1,...,21,2") € CE x D : |z] < ¢;()), 5 = 1,...,k} be a generalized Hartogs
domain in C** and F = (Peryqoyn, [ © Proyixen) : F = C"F F(zy, ..., 2, 2) =
(21, ..., 2k, f(Z), where Py denotes the orthogonal projection onto A. Then F(F) is
a domain and F : F — F(F) is a proper mapping.

In Proposition 1.4.1 we only assumed that every U € U is a homeomorphism but
the equality m o U = 7 easily implies that ¢/ actually is necessarily contained in the
group of holomorphic automorphisms of D.
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PROOF OF PROPOSITION 1.4.1. Let {Kj}ren be an increasing sequence of rel-
atively compact domains of D exhausting D. Consider a new sequence {Dj :=
Uvey U(KG) bi- Since U is finite, the set Dy, is a relatively compact subset of D for
every k. Moreover, there is some N such that for k£ > N the set Dy is a domain.
Certainly, this new sequence { Dy} exhausts D. Fix k£ > N. As in [Try1] the idea
is first to show the properness on some sequence of subdomains whose union gives
the whole F. For this, define a new sequence of subdomains [y, := U, ., D(1(2)) x

. X ]D)((pk(z’)) X {Z/}. Then Z/{k = {(P(Ckx{()}"?U|Dk o P{O}kx(crz) U € Z/{} is a fi-
nite group of automorphisms of Fy and Flg, : Fj, — C"™* is precisely Uj-invariant.
These two facts together with the properness of Ul|p, as a selfmap of Dy for every
U € U, imply that the intersection of the sets F'(Fy) and F(0Fy) is empty. Let
be the component of C***\ F(JF}) that contains F(F;). Consequently, we get that
F(0Fy) C 0€. This implies that F|g, : Fy, — €y is a proper map (here we used the
fact that F is a holomorphic map on F; which extends continuously to Fy).

Therefore, Q) = F(Fy). Let Q = U . Evidently, @ = F(F) is a domain in
C"**. The properness of F might be checked as follows. If K C ) is compact, then
K C Q for some k. Hence F~(K) is a compact subset of Fy, and thus a compact
subset of 2. O

Remark 1.4.2. Let us consider the case when & = 0, f = ¢ (defined in Section
1.2). Map ¢ is Ug = {Id, diag(1, 1, —1)}-invariant. What needs be to verified is
only whether Uy describes a subgroup of the group of automorphisms of R;;. It can
211

. (viewed as an operator
22

be derived by showing that the norm of matrix

on C?) equals the norm of the related matrix < T ) But the norm of the

—Z 292

. 211 —RX

matrix equals
—Z Z22

211 —Z2 C
sup (a b)(_zz )(d)’
a,b,¢,d€C,[a|2+[b]2=1, |c[2+|d|?=1 22
and clearly

211 —Rr C . . 211 < C
(25 (a) =t (2 5) (%),
so the claim follows.

Remark 1.4.3. Let k£ = 0 and f = s where s is the map given in Section 1.1. In
that case the finite group of unitary transformations under which s|p» is precisely
invariant is the group of permutations §,. Proposition 1.4.1 gives the proof of the
fact that s|p» is a proper holomorphic mapping onto the image i.e. the symmetrized
polydisc, and the symmetrized polydisc is open.

Remark 1.4.4. Proposition 1.4.1 might be applied to the pentablock as well. The
pentablock is a new example of a domain which plays role in the pu-synthesis. How-
ever, in this thesis Remark 1.4.4 is the only place where we work with it. We refere
the interested Reader to a recent paper by Kosifiski [Kos| for more details on the
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pentablock. Among many results given in this paper there is the description [Kos,
(1)] in a spirit to that given in the statement of Proposition 1.4.1 with k£ =
Consequently, the pentablock is actually a domain.

1.5. The Bergman distance on planar domains

In this Section we are largely interested in the Bergman distance. However, we
also obtain comparisons of other holomorphically invariant distances.

The Section is organized as follows. First we introduced a few new notions
reffering to metrics and distances (which the reader might find in e.g. [Jar-Pfl2]).
After that we present the results from [Nik-Try1].

Definition 1.5.1. Let G denote the family of all domains in all C"’s. Let s =
(SG)G is a domain D€ & system of functions sg : G X G — R (G € G). We say that s
is (a holomorphically) contractible family of functions if

—w

Zw

sp(z,w) = ep(z,w) = kp(z,w) = 5 log , for z, w e D,

and
sv(z,w) > sa(F(2), F(w)), forz,weV
for every ' € O(V,G) (V, G € G).
Let 6 = (dg)geg denote a system of pseudometrics dg : G x C* — R (G C
C"), ie. dg(a;AX) = [Mog(a; X), N € C,a € G, X € C". We say that § is a

(holomorphically) contractible family of pseudometrics if

X
op(z; X) = 1’_|||2, zeD, X € C,

and if for any F' € O(V,G) (V, G € G)
ov(z;X) > 0a(F(2); F'(2)X), ze V CC", X e€C"
Now we show how to construct a contractible family of pseudodistances from a

given system of upper semicontinous (!) contractible family of pseudometrics (cf.
[Jar-Pfl2, pg. 140-142]). Let a : [0,1] — G be any C'-piecewise curve, G € G. Put

L5G / 5(; ) t.

The number Ls,(«) is called the d-length of a.. Define a pseudodistance on G in the
following way

</5G> (#/,27) = inf{Ls.(a) : a:[0,1] = G C' — piecewise,
a(0) =2 a(z") =1}, 2, 2" € G.
We say that [ d¢ is the integrated form of dg.

In this thesis we meet many times the above construction. The first example is

given in the next definition.
Let D be a bounded domain in C".
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Definition 1.5.2. The Bergman distance bp of D is the integrated form of the
Bergman metric Sp, i.e.

bp(z,w) := (/ﬁp)(z,w), z,we D.

Definition 1.5.3. Denote by cp and [p the Carathéodory distance and the Lempert
function of D, respectively:

cp(z,w) = sup{tanh™" |f(w)| : f € O(D,D), with f(z) = 0},

Ip(z,w) := inf{tanh™" |a| : Jp € O(D, D) with p(0) = 2, ¢(a) = w}, z, w € D,
The Kobayashi distance kp is the largest pseudodistance not exceeding [p.

Recall that the Kobayashi distance is the integrated form of the Kobayashi metric
kp defined by the formula

kp(z; X) := inf {|oz| : Jp € O(D, D) with p(0) = z, ag'(0) = X}, zeD, XeC"

(cf. e.g. [Jar-Pfl2, Theorem 3.6.4]).

In Section 2.3 we work with the infinitesimal version of the Carathéodory dis-
tance. To have all notions in one place we define it here. The Carathéodory metric
of a domain G, denoted ~g, is defined as follows

16(GX) = sw {|f(QX]: f € OGD)}, (eGeer, xec

Recall that

e kv = (kg)geg and v = (Vg)geg are examples of holomorphically contractible
families of pseudometrics (cf. [Jar-Pfl2]);

e 3 = (Ba)geg is a family of pseudometrics which is not holomorphically con-
tractible (cf. [Pfl-Zwo));

e ¢ = (cg)geg and k = (kg)geg are holomorphically contractible families of
pseudodistances (cf. [Jar-Pfi2]).
An immediate consequence of Definition 1.5.3 is

cp < kp <lp.

Moreover, kp = lp for any planar domain D (cf. [Jar-Pfl2, Remark 3.3.8(e)]).
Among properties of the objects introduced in Definition 1.5.3 is the product
property. Namely

SDyx...xDy, ((21, .. ,Zn), (U)l, .. ,wn)) = maXlSanSDj(Zj, wj), Zj, Wy S Dj, (151)

where sp = ¢p, Ip or kp (cf. [Jar-Pf12]).

The motivation for our next result Proposition 1.5.8 was the following simple
observation for the unit disc.
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Lemma 1.5.4. For any z, w € D the following holds

M(—

VI =[)(1 = Jw]? V2
= cp(z,w) = kp(z,w) < log (1—|— 2lz — vl

VA= [P)(1 = |w]?

)). (1.5.2)

Proor. We have

1 +
V2bp (2, w) = 2kp(z,w) = il 2w
1—zw
2|z — wl 11— zZw| + |z — w|
log(l—i— — )zlog(1+2|z— | :
11— zw| = |z — w| (1= 21 = |w]?)
Observe that
1= zwf* = (1= [2[*)(1 = [wf*) + ]z = w], (1.5.3)
and hence
VA=)~ |wP?) < 12w < /(1= [2P)(1 — [wf) + ]z —w].  (1.5.4)

Elementary calculation together with (1.5.3) and (1.5.4) shows that

2~ ]
lo 1
g( VP |w|2>>

1
§§log(1+2|z w

11— Zw| + |z — w|
(1—|z)(1 - |w|2)>

2|z — w|
10 )
= (1 S \w|2>>

and in this way we finish the proof. ([l

Observe that the estimate (1.5.3) is very accurate and seems to be quite natural.
Indeed, the difference between the right and the left side is at most log 2.
Proposition 1.5.8 is an attempt to extend Lemma 1.5.4 on Dini-smooth domains.

Definition 1.5.5. (see e.g. [Pom1, Chapter 3|)

Let ¢ : [a,b] — C be continuous. C' := ¢* := graph¢ is called a curve (parametrized
by ). A curve C is called closed if (a) = ¢(b).

We call C' a Jordan arc if C' is a curve with some ¢ injective. A curve C
parametrized by < : [a,b] = C is a Jordan curve if ¢|,p) is injective and ¢ is closed.

Recall that if J is a Jordan curve in C, then C \ J has exactly two components
Gy and Gy, and these satisfy 0Gy = 0G; = J (the Jordan Curve Theorem, see c.f.
[Pom1, Chapter 1]). If J C C the bounded component of C\ J will be called the
inner domain of J.

A domain D bounded by a Jordan curve J is called a Jordan domain.
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Let ¥ be uniformly coninuous function on the connected set A C C. Its modulus
of continuity is defined by

w(t) :==sup{|d(t1) —V(ta)| : |t1 — to| < t}, t>0.

The function ¢ is called Dini-continuous if
P
t
/ #dt < oo, for some d > 0, (1.5.5)
0

for some 6 > 0.

We say that the curve C' is Dini-smooth if it has a C' parametrization v :
[—7, ] — C such that 4/ is Dini-continuous and ~' # 0.

Bounded domain D C C is called Dini-smooth if 0D = ~v*, where v : [-m, 7] — C
is a Dini-smooth Jordan curve such that lim;,_,~/(t) = lim;_,, 7/(¢).

Further, motivated by Definition 1.5.5, we say that a planar domain D is Dini
smooth at a (€ 0D) if there exist a neighborhood U of a and a Dini-smooth Jordan
arc v such that 9D N U = ~*. Clearly, every Dini-smooth domain is Dini-smooth at
every boundary point. Conversly, by the compactness argument, if D is a bounded
domain in C and D is Dini-smooth at every boundary point, then D is Dini-smooth.

Let C' be a Jordan curve in C. Assume that C has CY® parametrization 7 :
[, 7] = C (o> 0), limy_, 7' (t) = lim;—,_ ¥'(¢). Then, clearly the condition (1.5.5)
holds for 7. Thus the Dini-smoothness condition is weaker than C2. (Recall that
Ch(D) is the space of all k times continuously differentiable functions f : D — C
such that |f®)(z) — f®(y)| < M|x — y|* for some M > 0 and all z, y in an open
set D CR! k, 1 €N, a>0). Moreover, by the example after Proposition 1.5.10 it
is stronger than C!.

The condition (1.5.5) does not appear explicitly in the proof of Proposition 1.5.8
and apparently looks artificial. But this is misleading. Its importance is well known
in the theory of conformal mappings. Namely

Theorem 1.5.6. (Warschawski Theorem cf. [Pom1, Theorem 3.5])
Let F' maps D conformally D onto the inner domain of the Dini-smooth Jordan
curve J. Then F' extends continuously to D and

lim F(z) — F(w)
2—w Z—w

Theorem 1.5.6 implies that

=F'(w) #0, z,weD.

dp(2) ~ dp(F(2)) (15.6)

for z € D sufficiently close to a if D is Dini-smooth at a, see the simplification
below. If a domain D is Dini-smooth at a, then by the localization by Forstneric and
Rossay (see Theorem 1.5.14) the distances bp and by are equal near a modulo some
conformal map (we precise it later). This fact is cruical in the study of the Bergman
and the Kobayashi distances on Dini-smooth domains.

Recall that Nikolov in [Nik1] pondered the Carathéodory and the Kobayashi
distances on Dini-smooth domains.
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Proposition 1.5.7. ([Nik1, Proposition 8]) Let D be a Dini-smooth bounded planar
domain. Then there exists a constant ¢y > 1 such that

|z — wl |z — w|?

c1/dp(z)dp(w) - c1dp(z)dp(w)

< log (1 1]z — w| c1)z — wl?

" Vdp(2)dp(w) - dp(z)dp(w

where sp(z,w) = 2cp(z,w) or sp(z,w) = 2kp(z,w).

log (1 + ) < sp(z,w)

)), z,w € D, (1.5.7)

Trying to repeat the reasoning given in [Nik1] for the Bergman distance we find
many obstacles. It happens because there is a significant difference between kp and

Bp, i.e. the Bergman metric is not holomorphically contractive already in dimension
one (1) (cf. [Jar-Pfl2, pg. 187] or [Pfl-Zwo]). However, we have

Proposition 1.5.8. ([Nik-Try2, Proposition 1]) Led D be a Dini-smooth bounded
planar domain. Then there exists a constant ¢ > 1 such that

v2log (1+ |2~ vl ) < bp(z,w)

c\/dp(2)dp(w)

clz —w|

dD<z>dD<w>>’

< V2log (1 + s weD. (158)

Consequently, we obtain

Corollary 1.5.9. If D is a Dini-smooth bounded planar domain, then the differences
bp — V2cp and bp — /2kp are bounded.
Let us try to understand the essence of: (1.5.7), (1.5.8). Observe that
log(1+2z) ~logzx if z>>1,
log(l+z)~z if 0<z<<l

By this and the continuity of the Bergman metric, we see that Proposition 1.5.8 is
equivalent to

Proposition 1.5.10. Let D be a Dini-smooth bounded planar domain. There exists
a constant ¢ > 1 such that:

o if |z —w|* > dp(2)dp(w) then

|z — w/? |z — w?
log —————— — ¢ < V2bp(z,w) < log ——"— +¢;
& dp(2)dp(w) p(z,w) <log oo S
o if |z —w|?> < dp(z)dp(w) then
|z — w| clz —w|

bp(z,w) < .
cy\/dp(z)dp(w) < bo(zw) < Vdp(z)dp(w)

If the regularity condition is missing, then there is no constant such that the
upper bound in (1.5.8) or (1.5.7) holds. Indeed, let D C C be the image of D under
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the map z — 2z + (1 — 2)log (1 — 2). Then D is a C'-smooth bounded domain (cf.
[Pom1, pg. 46]) and

, 1 —tanhlp (0, w)
lim
Row—2- dp (w)

(see [IN-P-T, Example 2]).

=0

First we want to show that some simplifications in Proposition 1.5.8 are possible.
For this let us quote the following results.

Proposition 1.5.11. ([Nik1, Proposition 5]) Assume that D is a Dini-smooth do-
main. For every point p € 0D and any compact subset K of D, there exist a neigh-
borhood V' of p, and a constant ¢ > 0 such that

12sp(z,w) +logdp(w)| <e¢, z€ K, we DNV,

where sp = ¢p, sp = kp, or sp = bD/\/ﬁ.

Corollary 1.5.12. ([Nik1, Corollary 6]) Assume that D is a Dini-smooth, bounded
domain. Let p, q be different boundary points of D. If sp = kp or sp = bp/V/2,
then the function

2sp(z,w) +logdp (2) + log dp (w)

is bounded for z mear q and w near p.

In the light of Proposition 1.5.11 and Corollary 1.5.12 distances bp/+/2 and kp
have the same behavior when points z and w are far away. More precisely, for every
€ > 0 there exist: 6 > 0 and a positive constant c¢; such that for every z, w € D if
dp(z) < € and dp(w) > 0, then

|2kp(z,w) 4+ logdp(2) + logdp(w)| < ¢ (1.5.9)

and

1V2bp (2, w) + log dp(2) + log dp(w)| < 1, (1.5.10)

Thus, to derive Proposition 1.5.8 it remains to deal with the case when points z
and w are near the same boundary point p. Further discussion concerns only
this case.

We will make one more simplification. For this we need some additional notations.

Definition 1.5.13. (cf. [Jar-Pfl3, Chapter 2.2]) Let Q2 be a domain in C". Fix an
open set U that contains the closure of €2. Let p: U — R be a function.

We say that p is a defining function for Q if p is C! and if p satisfies the following
conditions:

(1) Q={x e U:p(z) <0},
(2) 0Q={z€U:p(z) =0},
(3) pP#0onU.
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Further, we say that a domain Q is strictly or strongly pseudoconvex if Q has C?
smooth defining function p satisfying
&p(a)

k=1

The function £, is known in the literature as the Levi form of p. If the condition
(1.5.11) holds only for points a near ag (€ 9D), then we say that Q is strictly
pseudoconver at ag.

As we mentioned one of the tools that we use in the proof of Proposition 1.5.8 is
the localization of the Kobayashi metric. The localization that we have in mind is
the content of the next theorem.

Theorem 1.5.14. ([For-Ros, Theorem 2.1]) Let 2 be a bounded domain in C™.
Assume that ) is strictly pseudoconvex at a point zo (€ 0S2). Let Qy C Q be a
domain such that zy € intgg 0y (see Figure 1). Then there exists a neighbborhood
U of zg and a constant ¢ > 0 such that for any point z € Qo N U, any vector X € C"
the following relation between kg and Kq, holds

rka(z; X) > <1 — cdg(z)>/mo(z;X). (1.5.12)

However, for our modest purposes the weak version of Theorem 1.5.14 is enough.
Indeed, taking into account (1.5.7) we will try to replace in Proposition 1.5.8 the
domain D by the image of some conformal map. We might find a Dini-smooth
Jordan curve ¢ : [—m, 7] — C such that (* N U = 9D N U for some neighborhood
Uof pand D C G = (x(:= C\(a bounded domain whose boundary is equal to
¢)). (see Figure 2). Take a point a ¢ G and consider the union G, of 0 and the
image of G under the map ¢ : z — (z — a)”!. There exists a conformal map
Y : G, — D. By Warschawski Theorem ¢ extends to a C! diffeomorphism from G,
to D. Furthermore, after rotation we may assume that p = 1. Thus, there exists a
positive 1o € (0,1) such that DNID(1,r) C D. Notice that for every N € N, for every
0< s <8y<...<sy<rywe might enlarge a little the sets {D N D(1, sj)}é-vzl to
the smooth domains {E, } in such way that

E,CE,..CE,,CD
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and
inf{|x—y|:x€3Esjﬂ]D), y € 0E,, ND, 1§j<l§N}>O.

Consequently, to finish the proof of Proposition 1.5.8 we might assume that the
domain D is a subset of the unit disc such that D(1,ry) "D C D for some
ro > 0, and that points z, w are close to the point p = 1.

In the situation just described the Kobe Quarter Theorem provides an easy and
short proof of Theorem 1.5.14. For the sake of completeness we quote the Kobe
Quarter Theorem and after this present the proof of Theorem 1.5.14.

Theorem 1.5.15. K6be Quarter Theorem (cf. [Pom2, pg. 21-22])
The image of an injective analytic function f : D — C from the unit disk D onto
a subset of the complez plane contains the disc whose center is f(0) and whose radius

is [f/(0)] /4.

PRrROOF OF THEOREM 1.5.14 FOR Q2 =D,y = D. Fix z € E,. We must show
that there exists a positive constant ¢ > 0 such that the estimate (??7) holds and
that ¢ does not depend on the choice of z. By the Riemann Mapping Theorem there
exists a conformal map ¢ : D — E, satisfying ¢(z) = z. By Theorem 1.5.15

D(= {l60 T Y(0)]) C B,

1+-%
But [(¢ o 17%)'(0)] = [¢'(2)|(1 — |2]*), and now because of Warschawski’s Theorem
it remains to use a Dini-smoothness of E,. [

The last step before we give the proof of Proposition 1.5.8 is the Balogh-Bonk’s
Theorem.

Assume that Q C C", n > 2 is strictly pseudoconvex and p is a defining function
of Q with |p/| = 1 on 09 (such p exists, cf. [Jar-Pfl3, Chapter 2] or [Kra-Par,
Chapter 1]). Take arbitrary x € Q. If z is sufficenty close to 02, then there exists
only one point 7(x) € 9 such that do(x) = |x — w(x)| (cf. [Jar-Pfl3, Chapter 2]
or [Kra-Par, Chapter 1]). Thus we have the mapping

7 : (neighborhood of 0Q2) N Q — S
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Assume z is so near. For Z € C" we put Zy = (Z, p'(7(2)))p'(7(x)), Zy := Z—Zn,
where (-, -) is the standard scalar product on C".

Call a piecewise C' smooth curve « : [0,1] — 9Q horizontal if for t € [0,1] for
which o/(t) exists we have o/(t) = o/(t)g. By the strict pseudoconvexity of €2 its
boundary 02 is connected. Even more is true, any two points p, ¢ € 0f) can be
joined by a horizontal curve « (cf. [Bal-Bon, pg. 513]). For p, ¢ € 092 let

du(p,q) = inf{L 12(a) : @ : [0,1] — I is a horizontal curve with
a(0) =p, (1) =g},

where L .1/2() is define as d-lenght of o (see pg. 24). The dy is called the horizontal

or Carnot-Carathéodory metric on 92 (a recent account on the subject can be found
in [Bella] and [Gro2]). Finally we define

dg (7(x), 7(y)) + max{dg(z), dQ(y)}}
do(z)da(y)

for all x, y from sufficiently small neighborhood of 9.

The expression g has the advantage that it is a distance if we restrict it to a
sufficently small neighborhood of 9€2. (All the facts just cited relating to the objects
introduced after the proof of Theorem 15.14 the Reader might find in [Bal-Bon].)

g(x,y) =2 log [ (1.5.13)

Theorem 1.5.16. ([Bal-Bon, Theorem 1.1]) Let Q be a strictly pseudoconvez do-
main in C",n > 2 with a defining function p. Assume that F is a metric on €,
ie. F:QxC"— Ry, F(a,A\X) = |AF(a,X),a € Q, X € C", A € C, with the
following property. There exist constants g > 0, s > 0, C; > 0, Cy > 1 such that for
all © such that do(x) < €y and Z € C" we have

Zn? 1 Ly(n(x); Zn)

<(1+C dg(:c)s)<

)" < P 2)
ﬁp(”(x% Zp)

If dr is the distance function associated with F, i.e. dp is the integrated form of
F, dr = ([ F) (see the construction on pg. 24), then there exists a constant C' > 0
such that for all x, y € Q)

g(z,y) — C < dp(z,y) < g(z,y) + C.

(1= Cyda(w))(

| Zn|?
4dQ(LU)2

1/2
+C ) (1.5.14)

Theorem 1.5.17. ([Bal-Bon, Proposition 1.2]) If Q is strictly pseudoconvez in
C", n > 2, then the Kobayashi metric kg satisfies the assumptions of Theorem 1.5.16
near the boundary of )

Observe that g does not depend on F' (!). It is only important that the metric
satisfies the condition of that kind as (1.5.14) near 0.

Below we apply Theorem 1.5.16 for the 'modified” Kobayashi metric on the unit
ball B, in C2. However, in Section 2.2 we make use of Theorem 1.5.16 in its full
generality.
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PROOF OF PROPOSITION 1.5.8. After the preparations preceding the proof, the
situation profiles as follows. There exists 0 < ry << 1 such that for every N € N, 0 <
r1 <71y <...ry <7 there exists the sets { £, }jvzl such that

D(1,5)N\DCE,,j=1,...,N,
E, CE,...CE, CD,
inf{|x—y|:x€3Esjﬂ]D), y € 0E, ND, 1§j<l§N}>O.

Recall that we investigate bp near a point 1.

It is enough to find a constant ¢ > 1 such that the respective estimates hold for
bp(zn, w,) for every sequences (z,), (w,) C D such that z, — 1 and w,, — 1 for any
n.

For a planar domain Q set Ba(z) := Ba(z;1), Ma(2) == Mq(z;1) and rq(2) =
ka(z;1) for a point z € Q.

Then by (1.1.4) we might write the following

B _ M) M) ()
oy o G ey o m

(the both equalities hold because E, is a simply connected domain, here the smooth-
ness of D is not required).

Fix an r; € (0,79). The localization of the Kobayashi metric (Theorem 1.5.14)
implies that

z€ B, (15.15)

kp(2) > (1 — codp(2))kE,(2), z€ E,., (1.5.16)
for some constant ¢y > 0. Then (1.5.15) and (1.5.16) imply that there exists a
r9 € (0,71] with 3cary < 1 such that

V2(1 = cadp(2))kn(2) < Bp(2) < V2(1 + gCQd]D)(Z))K/]D)(Z), ze kb,

Since kp(z) = 'B%Z) = ljz‘g, it follows for ¢3 = ‘/7502 that
Bp(z)
< Pp(z) —2c3 < Bp(z) < Pp(z) + 5es, 2 € E,,. (1.5.17)

3

We may assume that z,,w, € E,.,, where r3 € (0,r3) is such that if o, is the
shorter arc with endpoints z, and w, of the circle through z, and w, which is
orthogonal to the unit circle, then o, C E,,. Hence

V2
bD(zn,wn) < /an (1——’Z|2 + 5cs | dl

= bp (2, wn) + 5c3 Ly (o) < bp (25, wn) + 10¢3| 2, — wy,|
for any n. Recall that for every curve « : [0,1] — R? we may define the | |-length
as follows

N
L (a) = sup{2|a(tj_1) —atj))] : NeN,O0=t)r<t; <...<ty= 1}.
=1

The above equality follows from the description of the shortest curves with respect
to the Bergman distance on D (cf. [Kral, Section 1.1] and [Jar-Pfl2, Chapter
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1, Chapter 6]). To get the second inequality we applied an elementary inequality
1< 2= <2forze(0,%).

Now, using Lemma 1.5.4 and the inequality

dp(z) > dp(z), z€ D,

it is easy to find a constant ¢ > 1 such that the upper estimate for bp(z,,w,) in
Proposition 1.5.8 holds for any n.

It is left to manage with the lower estimate. Shrinking r3 (if necessary), we may
assume that

dp(z) =dp(z), z€ E,,. (1.5.18)

Consider the set A of all n for which there exists a smooth curve v, : [0,1] — D
such that v,(0) = z,, 1 (1) = wy, %((O, 1)) ¢ E,, and

b (zms ) + 20 — ] > / B (£): 7. (1)) .

For any n € A we may find a number ¢, € (0,1) such that |u, — 1| = 72, where
un = ¥(t,). By (1.5.10), there exists a constant ¢, > 0, which does not depend on
n € A, such that

bD(Znawn) + |Zn - wn| > bD(vaun) + bD(un7wn)

logdp(z,) logdp(wy)
> — - — ¢y
V2 V2
This inequality easily provides a constant ¢ > 1 for which the lower estimate for
bp(zn, wy,) in Proposition 1.5.8 holds for any n € A.
Let now n ¢ A. Then, using (1.5.17) and the formula for the Kobayashi metric
for the unit ball (cf. [Jar-Pfl2, Corollary 2.3.5])

Y]* [{w, Y)|?
T—jwP (1= |w?)*

Kp, (w;Y) = w € By, Y € C?

we get that
bD(Zna wn) + |Zn - wn’ Z \/51%182 ((Zn7 0)7 (wTw 0))7

where kg, is the pseudodistance arising from the Finsler pseudometric i, (w;Y) =
(KB, (w;Y) —2¢||Y]])T (i.e. its integrated form). Applying [Bal-Bon, Theorem 1.1]
to kp, and kp,, we may find a constant c; > 0 such that 0 < kg, — /%]BQ < cz. It follows
from here and fp = \/§kIB%2|D><{O} that

bp(zn, Wy) + |20 — wa| > bp(zn, wy) — Noes

which, together with Lemma 1.5.4 and (1.5.18), easily implies the lower estimate in
Proposition 1.5.7 if |z, — w,|* > dp(2,)dp(w,).

To prove the lower estimate in Proposition 1.5.8 when n ¢ A and |z, — w,|* <
dp(zn)dp(wy,), it suffices to observe that (1.5.17) leads to 3bp (2, wy) > bp(2n, wy)
and then to apply Lemma 1.5.4 and (1.5.18).

So, Proposition 1.5.8 is completely proved.

O
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Recall now another comparison result between c¢p and kp (see [Nik1, Proposition
9]): if D is a finitely connected bounded planar domain without isolated boundary
points, then

cp(z,w
lim ep(zw) =1 uniformly in z € D. (1.5.19)
w—dD kp(z,w)
Z#Ww

It is worth to indicate that in [Ven] we spot the first tracks of the study of invariant
distances in the spirit to the just quoted result.

The next proposition, which is the second and the last one result in this Section,
shows that (1.5.19) remains true if we replace cp or kp by bD/\/ﬁ.

Proposition 1.5.18. ([Nik-Try2, Proposition 3]) If D is a finitely connected bounded
planar domain without isolated boundary points, then

bo(e) o)

lim = lim =+/2 uniformly in z € D.

w50D ep(z,w) w30D kp(z,w)

The isolated boundary points condition is essential. Indeed, if p is an isolated
boundary point of a planar domain D # C\ {p} then cp = cpugp) and bp = bpugyy,
but kp(z,w) = oo as w — p and z € D is fixed.

PROOF. By the Kébe Uniformization Theorem (cf. [Gun, Chapter 9]), we may
assume that 0D consists of a finite number of (pairwise disjoint) C* Jordan curves.
Using Proposition 1.5.11, Corollary 1.5.12, (1.5.19) and compactness (of D), it is
enough to prove that

for any point p € 9D.
Applying the inversion, we may assume that the outer boundary of D is the unit
circle and p = 1. Then 1.5.16 and 1.5.17 imply

m —BET (2) =1=lim HET(Z).
z—1 BD(Z) z—1 HD(Z)
The first equality shows that lim inf, 1 bb’”;;((;f:)) > 1.
zF#Ww ’
To get that
. be, (z,w)
limsup ——— < 1, (1.5.20)
z,w—1 D(Z, U})

z#Ww

we shall follow the proof of [Ven, Proposition 3]. Fix an ¢ > 0 and choose an
r1 € (0,79) such that

Br.(2) < (1+€)pp(z), z€E,.

Combining the argument in the case n ¢ A from the previous proof, (1.5.17), the
estimates from Proposition 1.5.8, and the explicit calculations for the Bergman metric
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and distance on D (cf. [Kral, Section 1.1]) we may find an ro € (0,7;) such that if
z,w € E,,, and 7 :[0,1] — D is a smooth curve for which v(0) =1, v(1) = w, and

/ Bp(1(): 7 (D)t < (1+ )bp (2, w),

then v([0,1]) C E,,. It follows that

by, (2, w) < / B, (1(1): (1))t

(+0) [ oGO Ot < (14 o), 2w
To obtain (1.5.20), it remains to let € — 0.
So, lim. w1 l;f_;g;”; —1.

On the other hand, [Nik1, Proposition 8] gives the estimates from Proposition
1.5.8 for 2kp instead of v/2bp. Then we get as above that

K:Er (’27 w)

lim = 1.
z,zu;zl "QD(Za w)
Now, the equality bg, = v/2kg, completes the proof. 0

1.6. Remark on the symmetrized polydisc

In this Section every time when we say boundary, closure, etc... of a domain D
in C we mean, respectively, boundary, closure, etc... in C.

While we were trying to compute the Bergman metric on the symmetrized bidisc
we rediscovered and generalized the characterization given by Costara in [Cos2].
In this Section we give different, in our opinion more elemantary, proof of this fact
which is based on [Try2].

The Reader might find the proofs and the definitions from this Section in [Mar]
and [P61-Sze| as well.

By a circular domain we mean a domain in C which is closed interior or exterior
of a disc or a halfplane and by circle we mean the boundary (in C) of any circular
domain.

Let 21, ..., 2z, be arbitrary points in C (not necessarily finite), z # z;, j=1,...,n
and let my, ..., m, be non-negative numbers (masses) of total sum (mass) 1 which are
placed at points 21, ..., z,, respectively. Choose any linear fractional transformation

of complex plane L which sends z to oo (that is L is of the form Zﬂ)’) By center

of gravity ¢ of such a mass-distribution with respect to z we understand a point
¢ := (., such that L(¢) is an ordinary center of gravity of L(z),...,L(z,) with
masses mq,...,m,. Note that point ( does not depend on the choice of L. It is
worth mentioning that ordinary center of gravity is a case when z = oo.

Consider all possible mass disstributions with total mass 1 over the fixed points
21, ..., 2, and the point of reference z distinct from all z,. Set C, consisting of the
centers of gravity (., of all mass distributions of this kind is called a circular-arc
polygon. Geometrical interpretation of that definition is contained in the following
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Lemma 1.6.1 ([P61-Sze]). For any two points wy,wy € C, arc of circle through
w1, ws, 2 with end-points wi,wy that does not contain z, is contained in C.,.

A set with the property described in Lemma 1.6.1 is called circularly(-arc) convex
with respect to z.

Someone might easily check that the set C, is the smallest circularly-convex
domain with respect to z that contains the points zq,...,2,. When z = oo, C, is
just a convex hull conv(zy, ..., z,), and circular-convexity is reduced to convexity in
an ordinary sense.

So, we get

Lemma 1.6.2. If the points z1, ..., z, lie in a circular domain C but z lies in the
complement circular domain to C' then C, C C.

From now on, by a center of gravity we mean the center with special mass dis-

tribution m; = ... =m,, = %

Lemma 1.6.3 ([P461-Sze|). Let (, be the center of gravity of z1, ..., z, with respect
to z. Every circle through z and (. either separates the points zq,...,z, or all the
points lie on the circle. Moreover, if zq,...,z, belong to a circular domain C, then
points z, C, cannot both lie outside C'.

Let f be any polynomial of degree n:

f(2) = Cn,00AY + C(n, 1) APz + .. 4+ C(n,n)AD 2", (1.6.1)
where C(n, k) is the binomial coefficient (it is possible that AY = = Ag)_)k 1=

0, Ag)_)k # 0, and then oo is interpreted as a k fold zero of f). Point (, is a center of
gravity of a polynomial with respect to z if it is the center of gravity of its zeros with
respect to z.

Take any point ¢. Polar derivative A¢f of f with respect to z is defined by the
equality

(C—2)f'(z) +nf(z) = Acf(2) if ¢ eC, (1.6.2)

or just f'(z) if ( = oco. Notice that degAcf < degf if A # 0. Let points
Ciy- -, Ces1 be given, (k + 1)th polar derivative f is defined as

ACl s ACk+1f = ACk+1 (ACl - ACkf)

In fact, the order of points (i, ..., (41 is not important, that is the operations A,
and A¢, are commutative. Actually, using induction one might show

n—k

A Ag f(2) = Cln )RV C(n — kb, ) AP 27, (1.6.3)

where

k
=Y s, A (1.6.4)
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proints (1=...=(, = ocothen 51 (Cl, .o, Cx) == 0forl < mand Sl(k)(Ch ey C) =
sl(k ™) (CmH, ..., (), and the last one are elementary symmetric polynomials (see
Section 1.1).

Recall the well known Gauss-Lucas Theorem, which states that every convex set
which contains all zeros of a given polynomial f also contains f’’s critical points (i.e.
zeros of f’). For polar derivative similar result holds. Namely

Theorem 1.6.4. (Laguerre cf. [P61-Sze|) If all the zeros of a polynomial f of degree
n lie in a circular domain C and if Z is any zero of Acf then not both points Z, ¢
may lie outside C. Furthermore, if f(Z) # 0, then any circle through Z and ¢ either
passes through all the zeros of f or separates these zeros.

We say that polynomial g is apolar to polynomial f (both of them are of degree
n) if nth polar derivative of f counted with respect to the zeros of g vanishes. Notice
that ¢ is apolar to f if and only if f is apolar to g, and we express this fact saying
that f and g are apolar.

Lemma 1.6.5. [P6l1-Sze, pg. 60] Let f be a polynomial given as in (1.6.1). Assume
that f is apolar to g, where

= Z C’(n,j)B]( )2
=0

Then every two circularly-arc polygons that are circularly convex with respect to the
same point and that contain all the zeros of f and g respectively, also have at least
one common point.

Let (s1,...,8,) € C" Define P(z) = 2" — 512" ' + ... + (=1)"s,. Then the
Theorem 3.1 from [Cos2| can be generalized as follows

Proposition 1.6.6. P~1(0) C D(2g,7) if and only if

A, P(2)
sup  |———=| = f(z) < (1.6.5)
zi|z—z0|>T Pl(z)
Let P(z) =Y }_,C(n,k)a;z’ then
A, P 12 C(n — 1, k)agz"
o (2) _ k=0 (n = L kJarz” (1.6.6)
P (Z) k=0 C(TL - 1, k)ak:+lzk
In [Cos2] only the case when zy = 0 and r = 1 is discussed.
PROOF. Let points 21, ..., 2, be all zeros of P and fix any z outside or on C :=
0D(2p, 7). Then, in view of Lemma 1.6.3, it is enough to notice that
A, P
|[FaE ] = | = 20, (1.6.7)

where (, is the center of gravity P Wlth respect to z. 0

(3)Here to avoid some unwanted reductions we must all the time control the number of points
z1,...,%n. Because of this we decided to index the elementary symmetric functions by two numbers.
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Using the same argument as above we get:

Corollary 1.6.7. Let zo € C, 7 > 0. Then P~*(0) C D(zo,7) if and only if
AZOP(Z)‘
Pr(z) 17

sup
zi|z—zo|>r

Corollary 1.6.8. Let 2o € C, r > 0. P~1(0) C dD(z0,7) if and only if C.e 0D (20, 1)
and (P")71(0) C D(zo,7) for all z € OD(zg, 7).

PROOF. Assume that points P~'(0) lie on a circle |z — 29| = 7. Then (, also
lies on this circle. Conversly, from Corollary 1.6.7 we obtain P~1(0) C D(zg,7). If
P(Z) = 0, then Z must lies on the boundary of that disc. Indeed, because |(, —zo| < r
for any zedD \ P~1(0). O

If we put in Proposition 1.6.5 zp = 0, » = 1 then we obtain a characterization of
G,, over the unit disc. To get a characterization over G,,_; we use (n — 1)th polar
derivative.

Proposition 1.6.9. Let P be a polynomial of degree m with complex coefficients.
Then P~1(0) C D(z9,7) if and only if there exists 0 < s < r such that the only zero
of A¢, ... Ac, P is in D(zg,s) for all ¢, ..., o1 & D(20,7).

Proor. The only zero of As, ... A¢, P is

AuAc .. Ao P
TALA, AP 9(Crr--s Gne).

After some straightforward calculation we check that g(¢,...,¢) = f(¢), where f
is as in Proposition 1.6.6. Applying Lemma 1.6.3 (k — 1) times gives ’only if’. Tt
remains to show the sufficiency of the above condition. For this part, notice that
(1.6.3) and (1.6.4) imply AZ'P(2) = P(2) for any Z. O

Lemma 1.6.3 gives the following generalization of Propositions 1.6.6 and 1.6.7. It
extends the characterization from [Cos2]. We skip the proof because it is similar to
the proofs given above.

Proposition 1.6.10. Let f be any polynomial of degree n with coefficient at z™ equal
to 1. The following assertions are equivalent:

(1) P7H(0) € D(z0,7);

(2)

Ap A A
Sup 043¢ Ck71f(z> <r

z & D(z0,7) AooACl x ‘Agkfl f(Z)
for any positive integer number 1 < k < n — 1 and any choice of the points
Clyvv s Goor & D(20,7);
(3) (2) holds for k =1;
(4) (2) holds for k =n —1;
(5) (2) holds fork=n—1and (3 = ... = (1 & D(z0,7);
(6) (2) holds for some 1 < k<n—1;
(7) (2) holds for some 1 <k<n—1, (4 =...= ¢ D(z0,7).




CHAPTER 2

On other holomorphically invariant distances

In Chapter 1 we pondered over the Bergman invariants. Now we concentrate on
the geometry of another holomorphically invariant distance which is of great interest
in complex analysis, i.e. the Kobayashi distance.

2.1. Geometry of the Kobayashi distance

This Section uses the power of the geometry of 'convex’ sets. First, we introduce
some notions of convexity that we work with hereafter. Then we provide the basic
properties of just introduced objects. After that we state and prove Theorem 2.1.3
which is the main result of this Section.

Fix a domain D in C".

D is said to be:

e C-conver if any non-empty intersection with a complex line is a simply con-
nected domain.

e linearly (weakly linearly convez) convez if for any a € C" \ D (a € 0D) there
exists a complex hyperplane passing through a which does not intersect D.

Observation 2.1.1. (1)
convexity = C — convexity = linear convexity = weak linear convexity.

Only the second implication might cause any difficulties (for the proof cf.
[A-P-S, Theorem 2.3.9(ii)]). Moreover, in the case of C''-smooth bounded
domains the last three notions coincide (see [A-P-S, Corollary 2.5.6]).

(2) Projections preserve C-convexity (cf. [A-P-S, Theorem 2.3.6]).

(8) Suppose that the weakly linearly convex domain D C C™ contains the n
unit discs lying in the coordinate lines. Then D contains the convex hull of
these discs £ = {z € C": }77_, |2j| < 1} (cf. [Zna-Znal).

To avoid unwanted reductions assume that D is proper, i.e. D contains no com-
plex affine line.

A good tool in the studies of the geometry of C-convex sets is the so-called
minimal basis. However, we indicate that the construction is correct for every domain
in C". To introduce it let us fix a point ¢ € D. Choose ¢! € 9D so that 7(q) :=
l¢* —q| = dp(q). Put H, = q + span (¢* —¢)* and D, = DN H;. Let ¢*> € 0D be so
that 75(q) := |¢* —q| = dp,(q). Put Hj = q + span (¢ —q,¢*—q)*, Dy = DN Hy and
so on. Thus we get the vectors e; = é;—:g‘, 1 < j < n which make up an orthonormal
basis of C". The basis we call minimal for D at g. Furthermore, we get positive
numbers (71(q) < 12(q) < -+ < 7.(q)) =: 7(¢q). The basis and the numbers are not

40
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uniquely determined. However, after rotation we may replace eq,es,...,e, by the
standard basis of C™.

The construction of minimal basis was intitiated in [McIN]. However, there was
some flaw in McNeal’s reasoning. Later, Nikolov with Pflug corrected the construc-
tion (see [Nik-Pfl]).

We recall only one result concerning the minimal basis which we apply in the
next Section.

Proposition 2.1.2. ([N-P-Z2]|) There exists a constant ¢, > 1 (depending only on
n) such that for each C-conver domain D C C") not containing a complex line, we
have

- — [(X, ¢;(9)[\
CnISFD(QaX)< |<#> Scna
2 7;i(q)
forqe D, X e C", X #£0, where Fp = ~vp, Fp = Bp, or Fp = kp.

The main result of the present Section is

Theorem 2.1.3. ([Nik-Try1l]) Assume that D contains no complex line. Fixq € D.
Assume that the standard basis of C™ is minimal for D at q. Let r > 0.

(i) If D is weakly linearly convex then the following implications hold for z € C"
|z —gl -1
g 7;(q) e?r 41

5 =gl _ e -1
max
1<j<n 75(q) n(e? +1)

=z€D andlp(q,z) <.
(i) If D is convex and z € D then the property cp(q, z) < r implies

max M <e?—1.
1<j<n 7(q)

(iii) If D is C-conver and z € D then the property cp(q, z) < r implies

4r 1
1<j<n 75(q)

Theorem 2.1.3 gives information about the sizes of Kobayashi balls. More pre-
cisely, if
e D is convex then the following inclusions hold

le?r —1
D (¢, - S 7(0) € Buy(0,7) € Bu(,7) € By (g,r) € D" (g (¢ = 1)7(a) ).

By Lempert Theorem the second and the third inclusion we may replace by equal-
ity (the Reader is invited to consult [Leml], [Lem2| and [Jar-Pfl2, Chapter §]).
However, in the thesis we tried to do without this strong and powerful Theorem.

e D is C-convex then

n( 1ex —1

4, 5627" + 17’((])) - BZD (Q7 T) - BkD (Q7 7”) C ]BCD (Qa T) cb” <Q7 (64r - 1)T(Q)) :
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Theorem 2.1.3 is a consequence of the following lemma which is interesting in its
own.

Lemma 2.1.4. ([Nik-Try1]) (i) Let D be a proper convex domain in C". Then

Moreover, if n =1, then

The constants 1/2 and 1/4 are sharp as the examples D =D and D = C, \ R+
show. Note that in the C-convex case the weaker estimate

dD(Z)
cp(z,w) > ZIOg 4dp(w)

is contained in [Nik1, Proposition 2]

Lemma 2.1.4 relies on the following

Lemma 2.1.5. ([Jar-Pfl2, Lemma 4.3.3) (c, d)]) Let G be a domain in C" and let
dg be a pseudodistance on G satisfying the following property

if B(a,r) C Gthen there exists a constant M > 0 such that
dg(z,w) < M|z — w| for z, w € B(a,r).

Define a metric g by a formula

1
dg(a; X) = limsup —dg(z, 2+ AX), a€ G, X € C".
A—0,z—a ‘)\l

Then the dg is an upper semicontinous pseudometric and
dg(z,w)
< inf {/[ ]5g(04(t); o/ (t))dt : a1 [0,1] = G piecewise C', a(0) = z, a(l) = w}
0,1
for every z, w € G.

PrROOF OF LEMMA 2.1.4. After translation and rotation, we may assume that
0 € 0D and w = (dp(w),0,...,0).
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(i) We have that D C IT" = {¢ € C" : Re ¢; > 0} and hence by remarks before
Lemma 1.5.4

—1 |1 — w1
cp(z,w) > e+ (z,w) = tanh ™! | =——
p(z,w) > cn+ (2, w) o
_ - 1 ’»751 _w1’
> tanh ™! 21— wil = —log (l—l—— .
- |21 — w1 |+ 2dp(w) 2 dp(w)

(ii) It follows by weak linear convexity that D N {¢(; € C": {; = 0} = &. Denote
by D; the projection of D onto the (;-plane. The Kobe Quarter Theorem implies

that
1 1

= ddp ()~ 4G

Since D is a simply connected domain then
s'(t

1 1 1
cp(z,w) > cp, (z1,w1) = inf/ Yo, (s(t); 8’ (t)dt > —inf/
s Jo 475 Jo | s(t)

where the infimum is taken over all C' curves s : [0,1] — D; with s(0) = z; and
s(1) = wy.
Set now

YD, (C15€1)

d(¢i,m) = logmax(1 + [1 — ¢ /ml[, 1+ |1 —n1/GC).
It is easy to check that d is a distance on C, with ” derivative” M)

d(Ci, G+ A) 1

A—0, A£0 By [<1h

1
inf/
s Jo

1 1 o —w

Then by Lemma 2.1.5

"(t
&‘ dt Z d(zl,wl)

s(t)

and hence

O

PROOF OF THEOREM 2.1.3. (i) Since D contains the discs D(q1, 71(q)), - .-,
D(¢n, m(q)) (lying in the respective coordinate complex planes), it contains their
convex hull

cz{gecnzh(g)zz%a}.

Then

Ip(q,2) <lc(q, z) = tanh ™ h(2)
(this is the consequence of the formula for the Lempert function for balanced do-
mains, cf. [Jar-Pfl2, Proposition 3.1.10]) which implies (i).

(DLet a,byc € Cy and dy = 1 —a/b, do = 1 —0b/c, d3 = 1 — a/c. We may assume that
d(a,c) =log(1 + |ds]). Then
d(a,b) + d(b,c) > log(1 + |d1]) + log(1 + |da|)
= 10g(1 + |d1| + |d2| + |d3 — d2 — d1|) > 10g(1 + |d3|) = d(a, C).
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Before proving (ii) and (iii) note that by (C-)convexity and the construction of
the minimal basis there exists a complex hyperplane ¢/t + W, through ¢! that is
disjoint from D, j = 0,...,n — 1. It is not difficult to see that W; is given by the
equation

@i+ 4 @G+ Gy = 0.
Let A : C* — C" be the linear mapping with matrix whose rows are given by the
vectors (aj1,...,@;;,1,0,...,0). Set A,(¢) = ¢+ A({ — ¢). Note that G = A (D) is
a (C-)convex domain. Denote by G; the projection of G onto j-th coordinate plane.
Then G C G' = G; x---x G, and the product formula for the Carathéodory distance
implies that

cp(q,2) > car(q, Ng(2)) = max cg,(q;, 7). (2.1.1)

1<j<n
Observe also that dg,(g;) = 7;(q).

(ii) If D is a convex domain then G; is a convex domain. Hence, by Lemma 2.1.5

1 |2j — g
Ca.\45, %5 2—10g<1+]—
J(J J) 2 qu)

and (ii) follows from here and (2.2.3).

(iii) If D is a C-convex domain, then G; is a simply connected domain. Hence,
by Lemma 2.1.5,

1 25 — 4]
ca,;(q5,2;) > ~1lo (14—]—
o) %) 2 7log 75(q)
and (iii) follows from here and (2.2.3). O

Theorem 2.1.3 has a local version which we state below. Before we do it some
explanation is required. By any of the notion of convexity (introduced at the begining
of the Section) near some boundary point a we mean that there exists a neighborhood
U of a such that D NU is an open set with the respective global convexity.

Theorem 2.1.6. ([Nik-Try1]) Let D be a domain in C" whose boundary contains
no affine disc through a € 0D. Assume that the standard basis of C™ is minimal for
Datqe D. Letr >1r" > 0.

(i) If D is weakly linearly convex near a then the following implications hold

e —1 ~ |z —gql -1

mlg) e+l

25 — g _
7;(q) n(e?r + 1)

ma.XlSan
j=1

=z€Dandlp(q,z)<r
for q sufficiently close to a.

|z —a;l
7;5(q)

(i) If D is convex near a then the inequality kp(q, z) < 1’ implies max;<;<,
e?” — 1 for q sufficiently close to a.
(i11) If D is C-convex near a and bounded then the inequality kp(q, z) < r' implies

lij_z;)jl < e — 1 for q sufficiently close to a.
J

maxj<j<n

Proof of Theorem 2.1.6 is merely an application of Theorem 2.1.3. Because of
this we skip it.
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2.2. Gromov hyperbolicity

There are a number of equivalent ways of formulating the hyperbolicity condition.
One of possible condition is the following.

Definition 2.2.1. Let (X, d) be a metric space and let 6 > 0. A geodesic triangle is
the union of three pairwise intersecting curves such that the length of its every side
is equal to the distance between the end points. (If « : [0,1] — X is a curve, then
the number

N
La(a) := sup { S d(altyi) alty) N €N, 0=ty <t; <...<ty= 1}
j=1

is called d-length of )

A metric space (X,d) is called geodesic if for every two points a, b € X there
exists a curve with length equal to d(a,b).
A geodesic triangle in a metric space is said to be d—slim if each of its sides is con-
tained in the d—neighbourhood of the union of the other two sides. A geodesic space
X is said to be d—hyperbolic if every triangle in X is §—slim. If X is d—hyperbolic
for some 0 > 0, one often says simply that X is hyperbolic. See Figure 1.

FIGURE 1. d—slim triangle

However, hereafter we prefer working with less restrictive

Definition 2.2.2. Let (D,d) be a metric space. Given points z, y, z € D, the
Gromov product is

(x,y), :=d(z,z) +d(z,y) — d(z,y).
Let
S(p. gz, w) = min ((p, ), (,9)w) = (s Q-
D is Gromov hyperbolic with respect to d if and only if

sup  S(p,q,z,w) < 0. (2.2.1)
p,q,x,wED

If S(p,q,z,w) < 20, we say that D is §-hyperbolic (possibly with § = 0).
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At first glance, there is a big difference between both definitions. The first one
requires the knowledge about all geodesics, and is rather useful for indicating the
non-hyperbolicity of a space than the hyperbolicity. The second one is very general
and might be applied to any metric space, not necessarily coming from the (smooth)
metric (see Section 2.3 and Proposition 2.2.11). But both of them are very hard to
check.

If (X,d) is an intristic metric space, what means that the distance between two
points is always equal to the infimum of the lengths of all arcs joining them, then
both Definitions are equivalent (cf. [Bow]). In particular, it is the case when we
work with the Kobayashi distance.

Example 2.2.3. The prototype of a Gromov hyperbolic space is a simply connected
complete Riemannian manifold with curvature bounded above by a negative constant

(cf. [Grol, pg. 76))
K< -§<0. (2.2.2)

If (2.2.2) is satisfied then the space is (C'd)—hyperbolic, where C' € (1,10) (cf. [Grol,
1.5(1)]).

Example 2.2.4. Let us consider R” with the standard Euclidean distance | |. Ge-
odesic lines in (R",| |) are the segments. Since [a,b] C [a,c] U [c,b] for every three
arbitrarily chosen points a, b, ¢ € R, we have that R is O—hyperbolic. In higher
dimensions the situation is totally different. Actually, ponder an equilateral triangle
ABC' with sides of length k. Consider the orthogonal projection of A onto BC and
call it D. Then

dist(D,[A,B]U[A,C]) - < as k — oc.

Recall that length(a) = fol |/ ()| dt for every C'-piecewise curve a, thus the curvature
of | | is 0. This shows that in (2.2.2) the assumption about strict negative curvature
can not be weakened.

Example 2.2.5. (D, kp) is (v/2 + 1)-hyperbolic (cf. [Lon]).
An immediate consequence of Definition 2.2.2 is

Corollary 2.2.6. Let D be a non-empty bounded open set in C" and let d be a
distance on D. Ifd: (D,||) — (R, ||) is continuous then it is sufficient to check the
condition (2.2.1) near the boundary O(D x D).

Observe that the Kobayashi distance satisfies the assumptions of Corollar 2.2.6
(see [Jar-Pfl2, Proposition 3.1.9]).

Example 2.2.7. Fix r > 1 and put A = {z € C: 1/r < |z| < r}. Recall that
we have the localization property of the Kobayashi metric on A (Theorem 1.5.14).
Since both definitions are invariant under biholomorphic mappings, near the outer
boundary {|z| = r} the metric on A behaves like on the disc, and (after the inversion
z — 1) near the inner boundary, too.
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Theorem 2.2.8. (cf. [Vai, Theorem 3.18, Theorem 3.20]) Let (X,dx) and (Y,dy)
be intrinsic spaces. Let f: X — Y be a (¢, M)-quasi isometry (i.e. %dx(x, y)—M <
dy (f(a:),f(y)) < cdx(z,y)+ M, x,y € X). If Y is hyperbolic then X is as well.

Recall that the Carathéodory, the Kobayashi and the Bergman distances on con-
vex domains, or more generally on C-convex domains containing no complex lines,
are bilipschitz equivalent [N-P-Z2 Theorem 12]. Recall that two metrics sp and
rp on a set D are bilipschitz equivalent if the identity map id : (D, sp) — (D,rp)
is a (¢, 0)-quasi isometry for some ¢ > 1. Consequently, it is enough to derive the
hyperbolicity on C-convex domains for one invariant distance.

The first work concerning Gromov hyperbolicity on domains endowed with Koba-
yashi distance was given by Balogh and Bonk [Bal-Bon]| who gave both positive and
negative examples. Among other results, they proved that the Cartesian product of
strictly pseudoconvex domains is not Gromov hyperbolic. It is a special case of a
general situation mentioned in many places but without proof (cf. [Gau-Ses]).

Proposition 2.2.9. Assume that (X1,d,) is an intrinsic metric space with d; un-
bounded and assume that (Xo,dy) is a metric space with unbounded dy. Let d =
max{dy,ds}. Then (X; x Xo,d) is not Gromov hyperbolic.

PROOF. Assume that d is g—Gromov hyperbolic. Put & = 3 + §. Then there
are points yi,y2 € Xs such that dy(y1,y2) = 2s > 2k. Choose points z1, x5 € X
with dy(zq,25) > 2s. By the path property of X, there is a curve v : [0,1] — X,
joining the points z; and z} such that Lg () < di(x1,23) + 1. Note that the
function ¢ — d;y(xq,7(t)) is continuous. Hence there is the smallest ¢, such that
di(x1,7v(tg)) = 2s. Set xq := 7(to).

Now Lg, (V0,40]) = di(x1,22) = 25, and

La, (Vio0]) = Lay (7) = La, (Vto,n) < dal@r, 33) + 1 — di(w2, 23) < diwy, 22) + 1.
Let ¢; be the smallest number in [0, ¢o] such that dy(z1,7(t1)) = s. Set x3 := y(t1).
Then

di(xe,x3) > di(x1,29) — di(x1,23) = s, and
dy(w2, 23) = La,(V]0.22)) = Lay (Vi0,t0) — Lay (Wit 01) < 28+ 1 — daay,22) = s+ 1.
Hence, s = dy(z1,x3) < dy(z3,22) < s+ 1.

Now define the following points in X; x Xo: z := (x1,11), ¥ := (22,41), w =
(x3,71), and z := (x3,y2). Then d(z,w) = d(z,z) = d(z,y) = 2s and (z,9), < 1,
(2, 2)w = d(z,w) = 8, (y, 2)w = d(y, w) > s—1. By the assumption of -hyperbolicity
we reach the following inequality

1> (x,y)w > min{(y, 2)w, (x,2)p} —0 >s—1—0§ > 2;

a contradiction. O

The next proposition is more general than the previous one. However, its proof
uses Proposition 2.2.9.

Proposition 2.2.10. Let (X1,d;) and (Xs,ds) be metric spaces, such that at least
one of them is intrinsic. Then (X1 X Xy,d) is Gromov hyperbolic if and only if one
of the factors is Gromov hyperbolic and the metric of the second one is bounded.
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PROOF. Let first X; be 26-hyperbolic and dy < 2¢. Since d < d; + 2¢, it follows
that

(@1, Y1)y — 2¢ < (2, Y)w < (T1,Y1)w, +4c
and then (X, d) is (0 4+ 3¢)-hyperbolic.
Assume now that (X, d) is d-hyperbolic. Following the proof of Proposition 2.2.9,

we deduce that one of the distances is bounded, say dy < 2¢. Then we get as above
that (X1, dy) is (0 + 3c)-hyperbolic. O

From this moment until the end of the Section we assume that D C C", d = kp.
As an immediate consequence of Proposition 2.2.10 we obtain that the polydisc
is not hyperbolic. Moreover, even its "symmetrized” counterpart is not.

Proposition 2.2.11. G, is not Gromov hyperbolic with respect to the Carathéodory
and the Kobayashi distances for n > 2. Moreover, Gy is not Gromouv hyperbolic with
respect to the Bergman distance.

Proor. Fixa € D. Put p, = n(a,...,a), ¢ = 7(a,...,a,—a), my, =w(a,...,a,0).
The holomorphic contractibility and the product property gives that

k(7 (2), T (w)) < kg, (7(2), m(w))
< inf{kp(z,w) : 7(2) = 7(2), m(w) = 7w(w)}

1<j<n

= inf { max kp(z;, w;), 7(2) = n(2), m(w) = W(@)} , Z,w e D
Consequently, kg, (Pa; ¢a) > kn(a”, —a") = 2kp(a™, 0), and
an (paa 0)7 an (Qaa 0) and an (pm ma) < k]])(a,, O);

thus
lim inf(kg, (Pas ¢a) — ke, (¢a: 0) — kg, (Pa, Ma)],
a—0D
lim inf[k((;,n (pa, qa) - an (pm 0) - an (qa7 mll)] > =09,
a—0D
and finally

(pm ma)O - (paa Qa)Oa (Q(m ma)() - (pm Qa)()
= kg, (Ma,0) + O(1) > cg, (mq, 0) + O(1),
where cg, denotes the Caratheodory distance, i.e. for a domain D, cp(a,b) :=
sup{kp(f(a), f(b)) : f € O(D,D)}. Then [Cos2, Corollary 3.2] provides a family
(f¢) C€ O(Gy, D) such that for any p € 9G,,, sup; | f¢(p)| = 1, thus lim, ,s¢, cg, (p,0) =
o0, q.e.d.
The last part follows from C-convexity of G.

Moreover,

Proposition 2.2.12. ([N-T-T|) The tetrablock is not hyperbolic.
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Proof of Proposition 2.2.12 is similar to the above one and we skip it.

Buckley in [Buc], following Bonk, claimed that D™ fails to be hyperbolic because
of the flatness contained in the boundary rather than the lack of smoothness that
Gromov hyperbolicity fails. Recently, Gaussier and Seshadri have provided a proof
of that conjecture. More precisely, the main result in [Gau-Ses, Theorem 1.1] states
that any bounded convex domain in C™ whose boundary is C*°-smooth and contains
a non-trivial analytic disc in the boundary, is not Gromov hyperbolic with respect
to the Kobayashi distance. Lemma 5.4 in their proof used the C* assumption of
smoothness in the essential way. Our aim is to prove this result in a shorter way in
C?, assuming only Cl'-smoothness.

Theorem 2.2.13. ([N-T-T]) Let D be a convex domain in C* containing no com-
plex lines.?) Assume that 9D is C*'-smooth and contains an analytic disc. Then D
s not Gromov hyperbolic with respect to the Kobayashi distance.

One of the fundamental results in Gromov’s theory says that for every M, L > 0
there exists C' > 0 such that every side of any (M, L)-quasi-triangle (i.e. every side is
a (M, L)-quasi-isometry) is at the distance at most C' from the union of the remaining
sides (cf. [V&i]). [Gau-Ses, Theorem 1.1] is based on this. Proof of Theorem 2.2.13
is based only on the estimates of the Kobayashi distance.

Proposition 2.2.14. ([Jar-Pfl2, Proposition 10.2.3]) For a bounded domain G in
C? with smooth C'-boundary and a compact subset K of G there is a constant C
such that

1
ka(zo,2) < —Elog dg(z)+C, for zp € K, z € G.

C?-smoothness is assumed in [Jar-Pfl2] but only the locally uniform interior ball
condition is used (i.e. there exists r > 0 such that for every boundary point a of a
domain G there exist a ball with radius r contained in G that is tangent to 0G at

a).

PROOF OF THEOREM 2.2.13. Since 0D contains an analytic disc, it is well known
that it contains an affine disc (see [N-P-Z2, Proposition 7]). We assume that this
disc has center 0 and lies in {z; = 0}, and that D C {Rz; > 0}.

Lemma 2.2.15. We can find an r > 0 such that for any 6 > 0 small enough there
exist two discs D(ps,r) and D(Gs, ) in Ds := D N {zy = §} which touch 0D at two
points ps and §s with |ps — qs| > 5.

ProOOF. We identify 0D N {z; = 0} with a closed, convex subset of C, which is
the closure of its interior. Call this interior D.

Take two different points pg, o € 0Dy. Assume that an open segment (po, o)
is the subset of Dy. There are two possibilities. First, if pg is not a Cl!'-smooth
boundary point of Dy. Consider a point p on (pg, §o) sufficiently near py. Since p € Dy,
it has positive distance to the boundary of Dy. Choose some point where this distance

)Then D is biholomorphic to a bounded domain (cf. [Jar-Pfl2, Theorem 7.1.8]).
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is attained, and call it p. Otherwise, when py is C''-smooth, let p = py. Repeat the
whole process for §y.

It may also happen that (po, o) € Do. Then there exist discs D(p, r), D(g,) C Dy
tangent to 0Dy at p and ¢, where p,§ € (po, Go)-

Now we want to move the constructed discs inside the domain. By C*!-smoothness
of D, we can move them (in C?) along the vector (1, 0) inside D, that is D(p,7), D(q,7) C
DnN{z =0} = Dy, for 0 < § < dy. If they do not touch 9Dy, then shift them (sep-
arately at every sublevel set) to the boundary but leaving their centers on the real
line passing through p + (§,0) and G + (9,0). Denote new discs by D(ps, r), D(gs, ),
and by ps, ¢s points of contact of those discs with dD. O

Choose now a point a = (dy,0) € D (dy > 0) and consider the cone with vertex at
a and base 9D N {z; = 0}. Denote by G5 the intersection of this cone and {z; = d}.
For any 0 > 0 small enough the line segment with ends at ps and ps intersects 0Gs,
say at ps. Define g5 in a similar way.

Set 55 = 2229 We shall show that S(ps, g5, 35,a) — +oc as § — 0. For this we

2
will see that (ps, Ss)a — (Ps, @5)a — +00 as § — 0. It will follow in the same way that

(45, 35)a — (D5, 45)a — +00.
It is enough to prove that

kp(gs,a) — kp(3s,a) < 1 (2.2.3)
and
kp(ps, 45) — kp(ps, 85) — +o0. (2.2.4)
Here and below ¢y, ¢, ... denote some positive constants which are independent of
0.
For (2.2.3), observe that Lemma 2.1.4 and Proposition 2.2.14 imply that
1 d
kp(35,a) > = log D(fl) and 2kp(qs,a) < —logdp(gs) + ca. (2.2.5)
2 dD(SC;)

It remains to use that dp(S5) = dp(gs) for any 6 > 0 small enough.

To prove (2.2.4), denote by Fjs the convex hull of D(ps, ) and D(35,r). Then by
inclusion kp(ps, $5) < kr,(ps, 3s)-

Claim. kg, (ps,35) < —3 logdp(ps) + cs, where d}, is the distance to 9D in the
zo-direction.

Indeed, for 4 > 0 small enough we have that

dp(ps) = dps(ps) = dr;(ps) = (s (Ps)

because the closest point on dDs belongs to dD(ps, 7). Now kg, (ps, 35) < ki, (ps, Ds)+

kFg(ﬁ5a gé)
Since ]D)(ﬁ(;,r) C Fy,

1 1 4 lpa—ps|
kr; (Ps: s) < knGs.n (Ps, Ps) = 5 log 1_‘—1,5;;(”

1 1
< —5 logdigsry (ps) + C(r) = —5 log dpp(ps) + C(r).
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On the other hand, by using a finite chain of disks of radius r with centers on the
line segment from ps to S5, we obtain that

b, 55) < P01 < o),

The Claim follows.
Now, we shall show that

2kp(ps,qs) > —log dp(ps) — log dy(qs) — ca, (2.2.6)

which implies (2.2.4), because d7,(gs) — 0 as 6 — 0.
Since the Kobayashi distance is the integrated form of the Kobayashi metric, we
may find a point ms € D such that

Ips — g5
2 Y
kp(ps, qs) > kp(ps, ms) + kp(ms, gs) — 1.

Let ps € 9D be the closest point to ps in the direction of the complex line through
ps and ms.

Recall that d7, is the distance to 0D in the zp-direction and dp(ps) is attained
in z-direction for any ¢ > 0 small enough. This means that the standard basis is
adapted to the local geometry of 9D near ps, and more precisely, if X = (X3, X3) €
C? is a unit vector, [N-P-Z2, (4)] states in this case that there exists a constant C'
such that

Ips — ms| = |gs — ms| >

1 | X1 | N | X5 C
dp(ps, X) ~ dp(ps)  dp(ps) ~— dp(ps, X)’

where dp(-; X) is the distance to 0D in direction X. Since d, > dp, we obtain
dp(ps; X) < csdp(ps).
Let X := ﬂ?igir Then |ps — ps| = dx(ps) and thus
|p5 — ]55’ < C5d/D<p5). (227)
By convexity, D is on one of the sides, say Hs, of the real tangent plane to 9D

at ps. Since tlizs(_n’;g‘) = C'f;f_(ii‘), it follows by (2.2.5) that
s 8

dpg(ms) log Ims = o]
dp, (ps) [ps — Ps|
Applying the triangle inequality and (2.2.7), we get that

2kD(p57m5) > 2kH5 (p§7m5) > log (228)

ims — ps| — |ps — Dol
\ps — Ds]|

|ms — Ps|
|ps — Ds|

log >

> log

1 ( r 1)>1 r 1
g | /—— — 0g ————— — 1,
& \2[ps — o = 8 9esd' (py)

for any 0 > 0 small enough. So 2kp(ps, ms) > — log d’,(ps)—ce. Similarly, 2kp(qs, ms) >
—log d,(gs) — cg, which implies (2.2.6), and completes the proof. O

Remark 2.2.16. All the above arguments hold in C", n > 3, except (2.2.7).

Besides, we give a partial answer to the question raised in [Bal-Bon].
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Theorem 2.2.17. Let D be a CH'-smooth convex bounded domain in C? admitting
a defining function of the form o(z) = —Rz; + ¢¥(|22]) near the origin, where v :
[0,€) = Rsq (£ > 0) is a Ch*-smooth nonnegative convex function near 0 satisfying:
¥(0) =0, and

1
lim sup 22U _ (2.2.9)

z—0 log | 7]
Then, D is not Gromouv hyperbolic.

Here one remark is worthy of notice. Before we make it we refer two definitions
(cf. [Kral, Chapter 11]).

e Let © be a domain in C?, p € Q. Let ¢ : D — C? be an analytic map (disc)
such that ¢(0) = p and let p be a C*-smooth defining function of 2. We say that ¢
is a nonsingular tangent disc to 02 at p if ¢'(0) # 0 and (p o ¢)'(0) = 0.

e (2, p, p are as above.) If there exists a nonsingular analytic disc ¢ to 92 at p
such that

[(po@)(C)) < M¢|™, for (| << 1,

M > 0 is some constant, m € N but does not exist a nonsingular disc satisfying the
inequality with m + 1 and some (possibly different) constant M, then we say that €2
has at p type m or p is of type m. Point p has infinite type if p is not of type k for
any k € N.

Under the assumption of Theorem 2.2.17 it is clear that ¢ : D — C, ¢(\) =
(0,A), A € D is the only nonsingular analytic disc to 9D at 0. Observe that if v is
C®, then 0 has infinite type if and only if the condition (2.2.9) holds.

PROOF OF THEOREM 2.2.17. Since the case when (zp) = 0 for some 2y # 0,
is covered by Proposition 2.2.13, we may assume that ¢~!(0) = {0}. Also assume
p=(1,0) € D.

Let a be an increasing function such that for any > 0, ¢'(x) > ¢'((1—a(x))z) >
5¢/(x). We choose, for 2 > 0, g(x) = (¢(x),0), r(z) = (Y(2), —(1 - a(x))z), s(z) =
(¥ (x), (1 — afz))z).

We claim that:

(1) dp(q(z)) = ¥(x), = € (0,¢),

(2) 2fay/(v) < dp(r(2)), dp(s(2)) < a(w)ay!(x), = € (0,),

(3) the functions kp(s(),q(:)) + %logoz(-) and kp(r(-),q(+)) + %logoz(-) are
bounded on (0, ),

(4) the function kp(r(-), s(:)) + log a(-) is bounded on (0, ).

Before we proceed to prove the claims we make some general observation about
the infinite order of vanishing.

Lemma 2.2.18. For any é € (0,¢) and A > 0, there ezists x € (0,€) such that

zy’ (x)
o A.
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PROOF. Suppose instead that there exist € > 0 and A > 0 such that = ( ) < A
for 0 < x < é&. Then

dz
so log(¥(e)) — log(¥(z)) < A(loge —logx), i.e

wiw) 2 2 g case

4 (log(z)) < g, 0<az<é,
)

which means that at the point 0 there is finite order of contact with the tangent
hyperplane, a contradiction. O

Assume the claims for a while, and observe that for any = € (0, €) we have

1
(1) Pt = ()50 s (5 5(0 )t = 0 0) (0t = —5Tog
Since the above quantities can be made arbitrarily large, it finishes the proof.

It remains to prove (1)-(4). Fix xz € (0,¢).

(1) is clear. Next, since (¥((1 — a(z))x), (1 — a(z))x) € D, dp(s) < ¢¥(x) —
(1 — a(x))z)) < alz)xy’(x) by convexity. Let L be the real hne through (¥((1
)
s

+ (.

a(x))x), (1 — a(z))x) and (P(x),z). Its slope is less than ¢'(z), so dp(s(x ;
dr(s(z)), where L' is the line through (¥ ((1 — a(x))z), (1 — a(x))z) with slope

¥'(2), so

U(z) — (A — afx))x)
1+ ¢/(x)?

dp(s(x)) =

> Cale) < 4/((1 ~ afa))r) > jalx) < ¥/(2).
(x

Thus, &) “Hay(z) < dp(s(z)) < afx)zy’
gives (2)
The analytic disc ¢ — (¢(z), z() provides immediate upper estimates in (3) and

(4).

To get the lower estimate for the function kp(s(:), q(+)), we map D to a domain
in C by the complex affine projection 7y to {21 = ¥ (z)}, parallel to the complex
tangent space to 0D at the point (¢)(x),x). Then 74(D) = {¢(x)} x D,, where Dj
is a convex domain in C, containing the disk {|z2| < x}, and its tangent line at the
point x is the real line {829 = x}. The projection is given by the explicit formula

Y(x) — =
V()
We renormalize m, by setting fi(z) := 1 — 1[m(2)]o, 2 € C2 Therefore f,(D) C

H:={ze€C:Rz>0},s0

kp(s(2), q(x)) 2 ku(f1(s(2)), fr(a(2)) = ku(a(z),0) = —%105-’; a(z) + Gy, (2.2.10)

where Cy > 0 does not depend on .

..;;

). Analogous estimates hold for r(z), which

ms(21, 22) = <¢(x),22 + ), (21, 20) € C2.
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The estimate for kp(r(z),q(z)) proceeds along the same lines, but we use the
projection m, to {23 = ¥(x)} along the complex tangent space to 9D at ((z),z),

given by (o)
(21, 29) = (@b(a:),za — W>7 (21, 22) € C-.

Note that choosing f_(z) =1+ Z[m,(2)]2, 2 € C? we have f_(D) C {w : Rw > 0}.
Now we tackle the lower estimates for kp(r(x),s(x)). Let v : [0,1] — D be any

piecewise C' curve such that v(0) = s(z), y(1) = r(z). Let ¢y € (a(z),1). We claim

that there exists to € (0, 1) such that if we set u = y(ty), then |fi(u)l],|f-(u)] > co.

For this write 7 = (71,72)- Set ¢i(f) := 1 — “L=0 ¢ € [0,1]. By the explicit

form of 7, the condition |fy(u)| > ¢o reads |3 — @| > ¢p, and the condition
|f-(u)| > co reads |¢ + @] > ¢y (we are searching for a good candidate of t,, we
only wrote the conditions which ¢, must satisfy). We claim that the disks D(¢; (), <o)
and D(—C(;(t), o) are disjoint for any t. Indeed, they would intersect for some ¢ if
and only if 0 € D(¢; (%), cp), which implies

n(t) 1
§R<x@/ﬂ(m) z(x) = 3
¢(90)

for any x such that e <5 L which we may assume by Lemma 2.2.18. In particular
Ry (f) < 0, the contradlctlon (with the assumptions about D).

Now let ¢; := max{t : WT() € D(¢i(t),c0)}. Then % ¢ D(—(i(t1), co), and
by continuity there is n > 0 such that 2222 t1+" ¢ D(—Ci(t; +n),c), and of course

m ¢ D((1(ty +1), o) by maximality of t1. So ty = t1 + n will provide a point
satlsfymg the claim.
Consequently, taking a curve ~ such that

kn(r(z), s(z)) +1 > / o (y(1), (),

U 1

)<-l+a+

| moto o= [t @xe+ [ roeo. o

Z k’D(’I“(l'), U) + kD(uv 3(1’)),

and proceeding as in (2.2.10) we end the proof.
[

There naturally arises the question whether there is any connection between Gro-
mov hyperbolicity and pseudoconvexity. The known examples do not say anything in
this matter. Also, it is easy to construct domains which are Gromov hyperbolic but
neither pseudoconvex nor smooth. Indeed, take any strictly pseudoconvex domain

G. Assume that A is a closed subset of G with H*"2(A) = 0, where H?>"~2 denotes
the (2n — 2)-dimensional Hausdorff measure. To prove our claim, note that

kalenayx@\a) = keya

(for details see [Jar-Pfl2, Theorem 3.4.2] and Hartogs Theorem in Appendix). Now
it remains to apply Theorem 1.5.16.
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The above example does not have a smooth boundary. The next proposition
yields, in particular, a family of non pseudoconvex domains with smooth boundaries
which are Gromov hyperbolic.

Proposition 2.2.19. Let G C C", n > 2 be a bounded strictly pseudoconver domain
and let D € G have one of the following form:

e D is C?-smooth and its Levi Jorm has at least one strictly positive eigenvalue
at each boundary point and G\ D is a domain.
e D is a polydisc.
Then G\ D is Gromov hyperbolic.

In the last proof of Section 2.2.20 we utylize already mentioned result by Balogh-
Bonk.

Theorem 2.2.20. [Bal-Bon]| Let 2 be a strictly pseudoconver domain in C* (n >
2). Then (2, kq) is Gromov hyperbolic.

The Reader might have noticed how the work by Zoltan M. Balogh and Mario
Bonk plays a prominent role in the thesis. Here, the author would like to express
her admiration for both mathematicians.

PROOF OF PROPOSITION 2.2.19. First, assume that the Levi form of D at any
boundary point has at least one positive eigenvalue. Recall that [Jar-Pfl3, Propo-
sition 2.2.3(c)]) implies that every defining function of D has at least one positive
eigenvalue.

Since, by [Bal-Bon], every stricty pseudoconvex domain is Gromov hyperbolic
with respect to the Kobayashi distance, it remains to be shown the boundedness of
the function kg5 — ke on (G'\ D) x (G\ D).

Near the inner boundary, it follows from the estimates for the Kobayshi metric
in [Kral] and [For-Lee| for C* and C", respectively. Recall

kenp(2,v:) = dap(2) 71, (2.2.11)
where v, is the outside normal vector at point that is in D ad is the closest one to
z.

Let D° := {2 € G\ D : dp(z) < &}. For ¢ > 0 small enough, D° € G, and
D® = {¢ +tv. : 0 <t <e}, where v, is the outside unit normal vector to 0D at (.

Let K¢ := {2z € G\ D :dp(z) = €}. It is a compact subset of G'\ D on which
ke\p — ke 1s clearly bounded. By (2.2.11), the Kobayashi distance ke p between any
point in D® and any point in K¢ is bounded from above. Obviously, the kg distance,
too. So, the difference between those two distances cannot become unbounded near
the inner boundary.

We proceed to investiage kg and kg 5 near 9G. Fix two sequences {z,}, {w,} C
G\ D. We show that the sequence ke (20 W) — ka(z,, w,,) is bounded and then
use the compactness of 9G. Without loss of generality, we may assume that z, —
z,w, = w, z,w € G\ D

Let us first consider case when z # w. If z or w is in G'\ D then the sequence
k(20 wu) — ka2, wy) is bounded. Indeed, [For-Ros, Theorem 2.3] says that the
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estimate from below in the spirit of Proposition 2.2.14 holds for kg 1 as well as for
k.

The same conclusion we obtain when both z and w are boundary points of G if
we apply [For-Ros, Corollary 2.4, Proposition 2.5].

The remaining situation, i.e. when z = w € G \ G, follows from Theorem
1.5.17 and Theorem 2.2.20. Indeed, Theorem 1.5.17 shows that the behavior of the
Kobayashi distance has a local character. In other words, in a neighborhood of 0G
distances kg and kg 5 depends on 9G which is common for G and G \ D. And it
just remains to apply Theorem 2.2.20.

For the case where D is a polydisc, since all the distances considered are holo-
morphically invariant, we might assume that D = D". All the above arguments
might be repeated except now we do not know the behavior of Kobayashi metric
near the inner boundary. However, we might proceed as follows. Let » > 0 be such
that (1 + r)D" C G. Take some z° € [(1 4+ )D"] \ D", where 0 < 3¢ < 7. Thus,
1+e> |z§)| > 1 for some 1 < j < n. Observe that

inf |z —w| > 2e.
2€0G,wed((1+¢)D")
Choose any point w(2°) € {z; = 2J}NA((1+2¢)D"), which realizes the distance from
220 O((1+2e)D") N{z; = 20} Let Q. = {z; = 27, 2| <1+43¢ for k # j} C C* .
With our choices, we have

k(2 w(z")) <
sup{kgs(z,w) Lz =wy = z?; |2kl < 1+¢, |wk| <14 2¢,k ;éj} <M,
for some finite number M which does not depend on z°. The connectedness of 9((1+

2¢)D™) ends the proof.
0

2.3. The Carathéodory metric for the symmetrized bidisc

In [Agl-Youl] the Authors computed the Carathéodory distance at the origin.
So, one can easily find the Carathéodory-Reiffen metric in 0. Recall, if (s, s5) is a
point from Gs then

2|51 — 5951] + |8 — 4s
CG2((070)7<31,82)) = ‘ 1 2 1‘ ‘ 1 2’

4—|s1]?
(see [Agl-Youl]). Consequently by taking the limit
X+ 21X
e (0.0): (3, X)) = AL 2] (23.1)

where (X1, X5) € C? (cf. e.g. [Jar-Pfl2, Proposition 2.5.1]).
A formula for 7, at arbitrary point was derived independently by Costara
([Cosl]), and Agler & Young ([Agl-Youl]). For p € [0,1), we have

VG2 (<07p>7 X)

— max {5 (fo(0, p); 10, p) (X)) : fule,y) = L2

eTt. (2.3.2
T ety (232)
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But

‘u}le + 2X2 — le}

) (2.3.3)

0(f(0,p); (0, p)(X)) =
It implies that

6, ((0,0); (X1, X3)) = 76, ((0, p); (X1, X2)) = 76, ((0,p); (X1, = X2)),
for X1 >0, 1 > p > 0. Thus, if X5 = ree’® and ro > 0, we can assume that ¢ € [0, %]
For any positive real numbers a, b, consider the equation
HA) =M = 22+ a* +b*) +2\(a® = b*) + (1 —a® — b*) = 0. (2.3.4)
Note, (2. 34) has only one solution in (—oo,—1). Indeed, let us define G(\) =

(Ajl)z + iz I A € (=00, —1), then G(A) = 1iff H()) = 0.

To formulate the next lemma, we shall need some auxiliary constants

_ rosing (p+ 1) b rocos ¢ (1 —p)

pri pri
where 71 >0, 12 >0, 1 >p>0, £ >¢>0.

, (2.3.5)

Lemma 2.3.1. Let p € (0,1) and X = (X1, X3) = (r,79¢"®) € Ryg x C. For
riry # 0 let a, b be the constants given by (2.53.5), and let X be the only root of the
polynomial (2.3.4) in (—oo, —1). Then,

(

—p)2
\/(p+1>2|xl|2+<4+—“ 5 )|Xaf2

2(1-p?)
if priro #£ 0, sing =0, b < 2

Y6, ((0,p); X) =

R =2pA ) 1 2 X

2(1-p?)

if prire # 0, sing # 0, or
if prire # 0, sing =0, b > 2.

\

Remark 2.3.2. Cases not covered by the Lemma 2.3.1 can be achieved by consid-
ering the relevant limits (recall 7g, is locally Lipschitz - cf. [Jar-Pfl2, Proposition
2.5.1]).

ProOF. From (2.3.3)
[2(1 = p*)76, (0, p); X))* = 1Y (p* + 1) + 413
+2prf[(sin9—|—a)2 — (cosO+0)" —a® + bz}

(w = €”). In this way, we reduced the problem to finding the global maximum of
the function f(x,y) = (r +a)? — (y +b)? on the unit circle % 4+ 3*> = 1. The method
of Lagrange multipliers gives the solution. 0

Remark 2.3.3. From Lemma 2.3.1 we may deduce that the Carathéodory metric
is not differentiable (of course, the intresting case is X # 0). Indeed, the differen-
tiability is lost at points ((0,p); (1,r2)), where p € (0,1), and 7y is a positive real
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number such that b in (2.3.5) is equal to 2. For this purpose, it is enough to consider
the limits:

76 ((0,p); (1, X5)) — 16, ((0,p); (L, m2)) —, 2(1 —p) 4
Ragir; Xy — 1 —C'p( % - 1—17)’
(1, X5)) — (1 1— 4
lim 7@2((07]7)7( ) 2)) ’YGQ((()’p)?( ,Tg)) _ Cp( p + >7
R3Xa—1; Xy — 1y p l—p
C _ 1

2(1=p*)76, ((0,p);(1,r2)) *

Remark 2.3.3 provides the example of a C-convex domain on which the Lempert
function coincides with the Carathéodory distance but whose the Kobayashi (or in
this case also the Carathéodory) metric is not differentiable.



Appendix

In this Chapter we collect helpful information which we applied in different places
in the dissertation.

Information from functional analysis

We recommend very elementary and, in our opinion, very original aproach to func-
tional analysis by Barbara MacCluer [MaC].

Theorem 1. Riesz Theorem (cf. [MaC, pg.17])

Every bounded linear functional A on a Hilbert space (H,(,)) is given by an
inner product with a (unique) fized vector hy in H: A(h) = (h, hy). Moreover, the
norm of the linear functional A is ||hol|.

Definition 1. Adjoint operator (cf. [MaC, pg.34|)
Assume that (H,{ , Yu) and (K, , )k) are Hilbert spaces. Let A : H — K be

a bounded linear operator. An adjoint of A is a (unique) bounded linear operator
A*: K — H such that

(Ah,k)k = (h, A"y, he H ke K.

Information from complex analysis

All facts stated below (with proofs) the reader might find in: [Gun], [Jak-Jar],
[Jar-Pfl1], [Jar-Pfl2], [Kra2]|, [Rud2].

Definition 2. Holomorphic map
Let D be a domain in C* and let F': D — C. If for every point p € D there exist
a radius v > 0 and a sequence {aq}aenn C C such that

F(z) = Z ao(z —p)*, z€D"(p,r).

aeN?

Theorem 2. Hartogs Theorem (cf. [Kra2, Section 2.4])
Let D C C" be a domain and let F : D — C. If for every a = (a4, ...,a,) € D
and 1 < j <n the function
17(a1,...aj_l,-,aj+1,...,an)
15 holomorphic on the set
{Z eC: (al,...,aj_l,z,aj+1,...,an) S l)},
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then F is holomorhic on D.

Definition 3. Pseudoconvex set ([Jak-Jar, Chapter 2, Chapter 4])
Let D be a non empty domain in C™.
We call D a domain of holomorphy if the following condition is satisfied. If there
are no domains D and Dy such that
(1) D¢ D,
(2) @ C Dy C DN D,
(3) for every f € O(D) there exists an f € O(D) such that f = f on Dy.

The solution of the Levi problem says that D is a domain of holomorphy if and
only if D is pseudoconvex.

The original definition of a pseudoconvex set and its equivalence with the above
definition the Reader might find in every classical book on complex analysis, e.g.
[Jak-Jar|, [Jar-Pf13], [Kra2].

Definition 4. Strictly pseudoconvex domain (Ibid.)
We say that a domain D is strictly pseudoconvex if D is bounded, has C* smooth
boundary and the Levi form L, of the defining function p of D is positive defined,

1.€.
&p(a)
&z;ﬁ?l

Ly(a; X) =) X X; >0, a€dD, X €C"\{0}. (2.3.6)

k=1
If the condition (2.3.6) holds only for points near ag then we say that D is strictly
pseudoconver at ag.

Theorem 3. (Ibid.)
Every strictly pseudoconvex domain is pseudoconver.

Theorem 4. ([Jar-Pfl2, pg. 185-186))
Let D C C™ be a bounded domain. Then Bp the Bergman metric on D is positively
defined, i.e. fp(a;X) > 0,a € D, X € (C")..

Definition 5. Let X and Y be topological spaces. A continuous map f: X — Y is
said to be proper if f~Y(K) is a compact set in X for every compact K C X.

Theorem 5. Basic properties of proper holomorphic mappings (cf. [Rud2,
Chapter 15])

Let D C C" be a domain. Assume that F' : D — C" is a proper holomorphic
mapping onto the image. Then:

e F'is a closed map.

e F(D)=:G is an open set.

Let M :== F({x € D : JF(x) = 0}).

o Set G\ M is a connected open set that is dense in G. Set G\ M (M) is called
a reqular ( respectively critical) set of F and its element is called reqular
( respectivelycritical) value of F.
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e For every x € G the set F~(x) is finite.

Let #(x) := the number of points in set F~'(x), x € G.

e There is an integer m (the so-called multiplicity of F') such that
#(x) = m for every regular value of F),

#(x) < m for every critical value of F.

e M is an analytic set, i.e. it is locally a zero set of some non-constant analytic
function.

Theorem 6. Riemann Riemovable Singularity Theorem (cf. [Jar-Pfl2, The-
orem 4.2.9])

Let D be any domain in C™ and let A be an analytic subset of D. Then
A*(D\ A) = A*(D)|p\a-

Theorem 7. Hartogs Theorem (cf. [Kra2, pg. 33])
Let D C C" a bounded domain, n > 1. Let K be a compact subset of D with

the property that D \ K is connected. If f is holomorphic on D \ K, then there is a
holomorphic F' on D such that F|p\x = f.

Definition 6. Cartan domain of second type R;; in C? (cf. [Hua))
Define
R = {EG M2><2((C) 1z = Et, Hjﬂ| < 1},

where ||-|| is the operator norm and May2(C) denotes the space of 2x2 complex matri-
ces (we identify a point (211, 292, 2) € C* with a 2x2 symmetric matrix ?1 N >)
22

The set Ry is called the Cartan domain of second type in C3.

The Bergman kernel function of Ry (after the identification) is given by a for-
mula

Kgr,,(z,w) =det(I — 2w)3, 2z, w € Ryy.
Recall that Vol(Ry;) = =

Definition 7. Hartogs domain (cf. [Jak-Jar, Section 1.6])

Let D be a domain in C", let 1 < k <n —1, and let G denote the projection of
D onto C"* G = (D), where

T C"* x CF > (2,w) = 2 € C"

We say that D is a Hartogs domain over G if for any z € G the fiber D, = {w €
C*: (z,w) € D} is balanced.



List of symbols

General symbols

N - the set of natural numbers: 1,2, 3, ...

C - the field of complex numbers

R - the field of real numbers

Reg:={teR:r >0}

Rsg = {t € R:7 >0}

A, ={reA:x#0}

R - the real part

S - the imaginary part

a-(q1,---.q) = (aqu, ..., aqn)

w - the conjugate of w, w € C

(z,w) := ijl 2Wi, 2= (21,...,2n), W= (w1,...,w,) €C"

(,) - the Hermitian scalar product in C"

At :={z:(x,a) =0 for a € A}

ol = el == (2 2072 = (1P + ..+ [2a]?), 2 €T

| | - the Euclidean norm in C"

D(a,r) :={2z€C:lz—a|<r}, a€eC, r>0

D :=D(0,1) - the unit disc

T:={z€C:|z| =1} - the unit circle

D™(p,r) :=D(p1,71) X ... X D(pp,7), p= (P1,...,pn) €C", r=

D*(p,r) :=D"(p,(r,...,7)) (a € C", r € R)

(r1,...,m) € RZ,

Bg(a,r) - the ball with center at a point a and radius r > 0 with

respect to a distance d

By(a,r) = B(a,r) ={z:d(a,z) <r}

B=B,={zcC":|z|<1}CC"

B - the Euclidean unit ball in C"

dV = dV,, - 2n dimensional Lebegue measure

[ (the Euclidean) length of a curve

d(a, A) :=inf{d(a,b) : b € A}, (X, d) metric space, a € X, 0 # A C X

Vol(D) - the volume of a set D (with respect to the Lebegue measure)

C(D,G) - the space of all continous function F': D — G

C*(D, G) - the space of all C*-mappings F : D — G, k € NU {co, w}
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C™(D) - the space of all n times continuously differentiable functions

f: D — C such that | f™(z) — f®)(y)| < M|z — y|* for some M > 0 and
allz, y€ D CRF (k,n €N, a >0, D is an open set)

~* - the image of ~

O(Q4, Q) - the space of all holomorphic mappings F' : ; — €y

o) =0(Q,0), Qcc

J7 - the complex Jacobian of a map =

| | - the greatest integer function

S, - the group of all permutations of a set {1,2,...,n}

|| | - the norm of a functional

[4 - the identity operator on A

A* - the (Hilbert space) adjoint of A

M., «n - the space of n x n square matrices

dp(z) = inf{d(z,z) : 2 € 0D}, D C X, (X,d) metric space

dp - the distance function

Ly(2X) =D 1<k i<n %Xkyl, where p : D — C is a C* function on an
openset D CC", ze D, X e C"

L, - the Levi form of p

fti=max{f,0}

C(n, k) - the binomial coefficient

Chapter 1
s; - the elementary symmetric function of degree [...................... 12
s - the function of symmetrization ................ ... ... .. ... ... 12
Gy, - the symmetrized polydisc ......... .. 12
A%(G) - the space of square integrable holomorphic functions on G with
WeIght v Lo 12
A2(G) = A2(G) oo 12
L%(G) - the space of square integrable measurable functions on G with
WeIght (v Lo 12
(. )az(c) - the scalar product on LZ(G) ......................... 12
K¢ - the weighted Bergman kernel functionon G ...................... 13
KG =K év ............................................................. 13
Ba - the Bergman metricon G ......... ... i 13
M e 13
2 14
] 14
()] o 14
e e 14
Sp - Schur polynomial ...... .. ... . 14
ev, - the evaluation functional ......... ... ... .. ... ... . ... ... . ... 17

N(u) - the zeros set of a function w ...l 18
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Ryr - Cartan domain of second type ........ ... ... L. 20
E - the tetrablock ...... .. . 20
G - the family of all domainsin all C"s ................................ 24
S = (SG)G is a domain - & System of functions ................ ... ... ... 24
d = (0¢)ceg - a system of pseudometrics ..., 24
Ls, (c) - the 6- length of «, where ¢ is a pseudometric ................. 24
([ dc)(#,27) = inf{Ls () : @ : [0,1] = G, a(0) = 2/, a(2") = 1},

2/ 2" € G - the integrated form of & ........... ... ... ... ... .. 24
bp - the Bergman distance on D ....... ... ... .. 25
cp - the Carathéodory distance on D .......... ... ... .. ... ... ....... 25
[p - the Lempert functionon D ........... ... .. .. i 25
kp - the Kobayashi distance on D ........... ... ... ... ... . i 25
kp - the Kobayashi metricon D ....... ... ... ... .. ... .. ..., 25
v - the Carathéodory metricon G ............ .o i, 25
W = wy - y’s modulus of continuity ......... ... . ..o 26
p - a defining function ....... .. .. 29
B o 29
7 - the projection on the boundary ........... ... ... ... ... ... 31
5 G P 31
PP 31
N 31
7] < SRR 31
Ly (a) ==sup{>"  d(a(t;—1),a(t;)) in €N, 0=tg < t; < ... <ty =1},
a:[0,1] 52 Racurve ... 33
Af - kth polar derivative with respect to ¢ = (¢y,...,¢) € CF ... .. 36

Chapter 2

e;(q) - jth vector in the minimal basis at a point ¢ ..................... 40
Ti(Q) o 40
Ly(a) = sup{Z:j.V:1 dla(t; —1),a(tj) :neN, 0=ty <t <... <ty =1},
a:[0,1] - X a curve in a metric space (X,d) ......... ... o 45
Lg-the d-length ... . 45
(x,y), ==d(z,2z)+d(y,z) —d(z,y), z, y, z € D, (D,d) is a metric space 45
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